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Abstract

In this thesis, we studied important features of the quantum mechanical scattering phase
shift of electrons in low-dimensional mesoscopic systems. The functional derivatives of
the scattering phase shift define local objects in the hierarchy of density of states in
quantum systems. Some recent experiments have made the subject very topical. A lot of
information can be obtained from such measured phase shifts that can have wide-scale
applications.

The theoretical concept of local partial density of states has been given a firm physical
foundation. It is revealed that local partial density of states appear in several experimen-
tal situations of a three-terminal mesoscopic setup. In this three-terminal setup, two of
the leads are current carrying leads, while the third could be a lossy lead like an earthed
lead or a voltage probe. Furthermore, the local partial density of states results in higher
objects like injectivity and emissivity, which also have experimental signatures in these
setups. Besides this, we cleared the conceptual issues associated with the negativity of
the local partial density of states. We revealed that this negativity is physical as well and
a consequence of processes in reverse time, which can also be revealed in the associated
experiments. In establishing these, we coined the idea of a theoretical experiment in the
sense that we can get the relevant quantum mechanical objects without using the axioms
of quantum mechanics.

To further strengthen our philosophy, we took up a problem of tunneling current or
time, which cannot be solved within the framework of quantum mechanics. For this
problem, one uses the analyticity of the wave functions, completely ignoring the fact that
such an analytic continuity does not respect the structure of Hilbert space. We exhibited
that such tunneling currents can be again derived from the analyticity of wave functions
without using the axioms of quantum mechanics, and this in fact agrees with the current
of analytical continuation. The scattering phase shift and its universal behaviour are
exploited for this purpose. The setup, 1D open Aharonov-Bohm ring in equilibrium,
considered for this work has the added benefit that one can also conduct a practical
experiment on it to confirm our results further. This setup bypasses the issues of quantum
measurements under the barrier that has bogged this problem since the inception of
quantum mechanics.
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CHAPTER 1

INTRODUCTION

Around 1960s, new technologies were being developed and specially the chip fabrication

industries were highly focused on making smaller and smaller devices with high accuracy

and control. In 1965, Gordon Moore noticed that the number of transistors on a microchip

doubles approximately every two years which is known as Moore’s law [1]. Naturally, it

means that at some point, devices will go into the quantum regime. In that regime,

currently used classical techniques and methods will break down. As devices became

smaller and approached the nanoscale, the behaviour of electrons exhibited wave-particle

duality and quantum interference effects. In material physics, new sample fabrication

techniques (Section 2.1) [2] within the quantum regime and low temperature cryogenics

have evolved to such an extent, that with their help, one can conduct physics experiments

[3, 4] with samples like quantum rings, quantum dots, point contacts, etc. that are as

small as 10 to 100 microns. Such samples have novel features that lead to the development

of the subject of mesoscopic physics [5, 6]. Firstly, the equation of motion for electrons

in these systems is the Schrödinger equation. This essentially requires that the inelastic

mean free path or phase-breaking length of the electrons be comparable with the sample

size [2]. At low temperatures, typically milli Kelvin, the inelastic mean free path is

greatly increased. Secondly, the relevant length scales that determine the physics of these

systems, like the elastic mean free path, or field penetration length, or any correlation

length, etc., become comparable to the sample dimensions. As a result of this, the

artificially created competing length scales lead to new and novel phenomena in these

systems. This has opened up renewed interest in addressing two central questions in

physics. First, how can we make sense of quantum mechanics, and how does it cross

over to classical behaviour as the sample size grows? Second, is it possible to control the

quantum fluctuations and use the novel properties of these systems to build devices? One

very intriguing feature of quantum systems is the linear superposition of states, which

is often stated in the form of Schrödinger’s cat paradox. It essentially means that a

1
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quantum cat can be dead and alive at the same time, which is difficult to accept in reality.

Another intriguing feature is that quantum mechanics can allow non-local behaviour, a

good example for which is the Aharonov-Bohm (AB) effect [7] that will be discussed in

Section 3.1. In this regard, this thesis will firmly establish a local object in quantum

mechanics, namely the local partial density of states (LPDOS) [8, 9], which will appear

in present-day mesoscopic experiments [10, 11, 12] although the axiomatic framework

of quantum mechanics denies its existence. These local objects can also be summed up

in the classical sense to lead to the correct density of states that can be obtained from

quantum mechanics, and hence the notion of these local states can co-exist with the rest

of quantum mechanics. There is a well defined unique time spent by electrons in these

local states and not that the electron is partly in a local state and partly somewhere else

at the same time. Time spent at local states can be summed up in the classical sense to

find the total time spent. This total time spent is also consistent with relativity and can

co-exist with it, opening up the possibility of uniting quantum mechanics and relativity

at low energies rather than the usual notion that one should try for this unification at

high energies [9].

Devices like the present-day computer, mobile phone, or any device that requires an

electronic circuit use the law of large numbers. This essentially means that current, mag-

netisation, or any response of a sample is due to a statistically large number of carriers,

say electrons, typically of the order of the Avogadro number. So resistance, capacitance,

or magnetisation is an average response produced by the carriers, the fluctuations are of

the order 1√
N
, as we have seen in statistical mechanics text books [13], and they can be

ignored. This creates an upper limit on what we can achieve technologically. We can

break this barrier by using mesoscopic principles wherein a few electrons can be used

to create currents and responses that will make the devices fast and easy to manage

because of low energy dissipation [9]. Thus, we will not use averages but fluctuations

will be quantum in nature, which will make our devices very unreliable. In this thesis,

we will show how evanescent modes can be used to solve this problem for which one has

to address the question of what exactly is current and magnetisation due to evanescent

modes [12].

The primary development in fabrication technique that has enabled the initial quan-

tum transport experiments [3, 4] was the two-dimensional electron gas (2DEG) which is

described in the book by S. Datta [2]. One can apply lithography or etching techniques

on this 2D film to curve out geometries like an isolated ring or a sample connected to

electron reservoirs. The equation of motion for electrons in such systems is just the sin-

gle particle Schrödinger equation wherein the bare mass of the electrons are replaced by

an effective mass. This effective mass incorporates the effect of other interactions that

may be present in the system. Through out this thesis, we will focus on such realistic
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samples and hence when we talk of time travel or local density of states in these systems,

then all these effects can be realized in the laboratory. It is to be noted that one can

also make such samples with metals and crystalline semiconductors, but the physics of

those systems will be different in terms of theory. For example, in gold and copper rings

the electrons are mostly diffusive and may not be studied using the effective mass single

particle Schrödinger equation. The book by S. Datta, 1995 [2] is mainly written for en-

gineering students intended to numerically apply Landauer’s two probe, three probe and

four probe conductance formulas wherein one starts from a Hermitian Hamiltonian or a

scattering matrix. Such an application oriented book will rely on representing the Hamil-

tonian in the form of a matrix and apply recursive techniques [14]. So this approach will

not lead to fundamental aspects of quantum mechanics in a straight forward approach.

One has to look for clever ways of modeling and incorporating the related effects.

Modern day science is driven by giants of the past. Many people enriched physics

thinking independently from different points of view. The theory of quantum mechanics

gives abstract quantities that are difficult to relate to the nature (or real world). These

abstract quantities are Hilbert space, wave function, density matrix etc. Question is how

to extract information from quantum mechanics, in order to define probability, position,

momentum, energy, current density etc. These physical obervables are well defined in

quantum mechanics with expectation value of operators. Thereby, in quanum mechanics,

to extract information from these observables locally is not possible. There were some

more queries about observables like resistance, capacitance, inductance, time in quan-

tum mechanics, etc. The correct theory for quantum mechanics was developed by von

Neumann and others and beautifully explained in the YouTube lecture series by Frederic

Schuller. Operators in quantum mechanics are not supposed to be Hermitian but are

supposed to be self-adjoint. Throughout this thesis, we will stick to first quantisation,

or, in other words, we will solve for the continuous energy or wave-vector of a scattered

electron that is consistent with the von Neumann approach. It is known that for large

crystalline systems the Hermitian Hamiltonian and diagonalization approaches are valid

but at no point we are talking of such large systems with a periodic potential. It is pos-

sible that in some cases the continuum model can be mapped to a discrete model with a

Hermitian Hamiltonian. For example, the effects of evanescent modes in a single channel

quantum wire can be mapped to a tight binding stub [15] to give some aspects of the

physics involved but this inspection is never done in the community. Thermodynamic

properties of mesoscopic systems has been particularly ignored in Datta’s book and so

is the role of evanescent modes, that we believe leads to many new phenomena and will

attract a lot of attention in the future. Like S. Datta, we will restrict to electronic proper-

ties only because phononic properties in mesoscopic systems are mostly done in analogy

with electronic properties and have not yet reached a level of maturity to be presented
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here in our opinion. Of course the role of phonons on electronic properties has been

presented to some extent by S. Datta but that is again an alternate view to what will be

also discussed here.

In quantum mechanics, time is regarded as a parameter unlike any other observables

which are defined through expectation values of some operator in abstract Hilber-space.

Then defficulty arrises, how to define time in quantum mechanics. For that, Wigner

[16, 17] and Smith [18] approached delay time and dwell time respectively. Wigner was

a pioneer to provide an approximate notion of delay time in quantum mechanics i.e.,

Wigner Delay Time (WDT). Wigner time is defined as the derivative of the phase of the

electron’s wave function with respect to the electron’s energy. WDT is obtained from

the behaviour of a time dependent wave packet analysed in terms of Fourier components

which are the stationary state solutions of the time independent Schrödinger equation.

It therefore has an explicit reference to propagation of wave packet in time. Smith gave

an average time spent in a region by an ensemble of quantum particles i.e., Smith Dwell

Time (SDT). SDT can be defined in quantum regime as well as in semi-classical regime as

it relies on the undisputable fact that |ψ|2 is Copenhagen probability. Recently, another

theory got attention to address the problem of time in quantum mechanics through the

idea of precession of spin. This time is Larmor Precession Time (LPT) which is given

by Larmor clock theory [19, 20, 21, 22]. Details of Larmor clock is discussed in Chapter

4. LPT is obtained from stationary states or monochromatic plane waves without any

reference to the time dependent Schrödinger equation. LPT and WDT are interpreted

as traversal time because both can be consistent with the number of intermediate states

through which a quantum particle is traversed or propagated in time [23].

Consistency among all these theories is the touchstone of their correctness. However,

there are inconsistencies among SDT, WDT and LPT. SDT and WDT consistencies

could be seen in semi-classical regime but not in quantum or low energy regime. LPT

is consistent with SDT in all regimes but not with WDT. WDT can be calculated for

undispersed wave packet using stationary phase approximations in semi-classical regime

that will automatically fail in quantum regime. One sometimes encounter negative WDT

in quantum regime and it is not clear wheather it is because of dispersion of wave packet or

failure of stationary phase approximations [9]. SDT is not related to individual electron’s

delay time. LPT uses a picture of the precession of spin of electron like a classical

precession. Quantum angular momentum has its classical counterpart but quantum spin

does not. In [22], the expectation value of angular displacement of spin divided by

classical Larmor frequency is LPT that agrees numerically with SDT in all regimes but

not with WDT in quantum regime. Thus, “Johny come lately” LPT also does not solve

the problem of time in quantum mechanics. Altough it is mathematically very sound

but difficult to interpret physically, because there is no physical picture of precession of
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quantum spin. It comes from time independent Schrödinger equation with no reference

to propagation and can become negative too. For these reasons, none of the above time

candidates could solve the problem of time in quantum mechanics. Larmor clock classifies

these local objects in the hierarchy of density of states, among them LPT is the lowest

in hierarchy [8, 9, 24, 25, 26]. Thereby, another conceptual problem with LPT is that

it gives the possibility of local variables in quantum mechanics. Thus, neither negative

time problem was solved nor interpretation of local objects was given.

Local objects of the hierarchy are determined by functional derivatives of scatter-

ing matrix elements or phase shift [8, 9, 24, 25, 26]. As we had raised question that

how to extract information from abstract quantities in quantum mechanics. Similarly,

one may ask that how does this phase of an electron help to extract information in

mesoscopic [5, 6] systems. However, conductance measurements are sufficient to charac-

terise the electronic transport properties in devices wherein transport occurs incoherently.

Mesoscopic systems are the systems with the dimensions of less than inelastic scattering

length. Thereby, electron’s wave behaviour does matter in these systems as the phase

of electron’s wave function changes as it passes through the system. Mesoscopic sys-

tems behave quantum mechanically because they preserve coherence, which gives them

intriguing and unique physical properties. For low-dimensional systems with conduc-

tance measurements, phase measurements are also required to characterise the electronic

transport properties completely. Electrons quantum mechanical phase changes can be

measured from Aharonov-Bohm oscillations [7] etc. But Aharonov-Bohm oscillations re-

strict to phase of oscillations to be either 0 or π. While [27] reports that abrupt jumps are

possible in between allowed phase values of an electron [7]. These abrupt jumps are the

results of the measurement of the phase shift of an electron. Phase changes leads to var-

ious phenomena like Aharonov-Bohm oscillations [7], conductance quantisation [28], and

others, and has significant implications on transport properties. Thus, phase coherence

plays an significant role in characterising the electronic transport properties of mesoscopic

systems. With this new result of measuring phase shift in laboratory [27, 29], we have

revived the Larmor clock theory in mesoscopic systems. Markus Buttiker [8] elaborated

a hierarchy of DOS using Larmor clock formalism that builds upto the DOS and applied

to mesoscopic systems. Larmor clock theory uses purely the concept of spin precession of

an electron and provides this hierarchy. This hierarchy is novel and different from what

we study in condensed matter systems. Local version of DOS hierarchy’s is given by [21].

We will express all these local objects in terms of scattering phase shift of an electron in

Chapter 4.

Both times WDT and LPT are defined in terms of scattering phase shift of electron.

Traversal time in quantum mechanics like WDT and LPT is analogous to traversal time

in classical mechanics. Classically, one has to go from initial point to final point through
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intermediate points while in quantum mechanics one has to go from initial state to final

state through the intermediate states [23]. Most adverse factor in the analysis of WDT

is the fact that in low energy or quantum regime wave packets vigorously disperse. Our

predecessors have shown that Fano resonance [30, 31, 32] can be obtained in quantum

regime and can be used to create a non-dispersive wave packet in low energy regime

[9, 33] . Such non-dispersive wave packet will satisfy stationary phase approximation in

semi-classical regime as well as in quantum regime. So using this paradigm one can extend

the analysis of WDT to low energy regime. LPT can be justified by using Burgers circuit

on the Fourier components of these non-dispersive wave packets without any reference

to spin precession. Thereby, WDT and LPT become consistent in quantum regime.

Thus, SDT becomes also consistent with WDT. Consistency of all these three times

confirm intermediate states or local partial density of states (LPDOS) through which

an electron traverses. Negative time is physically interpreted as non-dispersive wave

packet propagating in time carrying a signal back in time [9, 33, 34]. My thesis targets

individual object of the hierarchy of density of states (DOS) and make experimental

predictions for it [10, 11, 12]. In some cases, it can be verified against parallel theories

and first principles.

We take the view that mesoscopic physics is an intermediate regime between mi-

croscopic and macroscopic physics. The term “mesoscopic” does indeed come from the

Greek word “meso”, which means “intermediate” or “middle”. Underlying assumption is

that quantum theory is the fundamental theory of nature and classicality emerges. Kubo

formula [35] provides quantum resistance as quantum corrections over classical formula.

One should not usually see a quantum formula as correction over a classical formula.

For instance, a quantum particle trajectory can not be considered as a correction over

the classical trajectory. And hence, one can not consider quantum electrodynamics as a

correction over classical electrodynamics. Because fundamentaly classical and quantum

mechanics are at loggerheads.

Mesoscopic physics establishes a sharp demarcation of classical and quantum me-

chanics. Macroscopic physics widely covers classical electrodynamics, classical thermo-

dynamics, classical statistical mechanics, Newtonian mechanics, STR, GTR etc. which

comes under the banner of classical physics. Microscopic physics covers systems that

follow from quantum electrodynamics, quantum mechanics, quantum field theory etc.

that comes under quantum mechanics. The phenomena of mesoscopic regime can be

understood with quantum theory that says equation of motion is Schrödinger equation.

However, in mesoscopic systems, fields are classical and electrons are quantum particles.

The size of these mesoscopic systems (≈ 10-100 nm) is larger than the atomic size (.1 -

.5 nm). This length scale is significantly influenced by temperature and magnetic field.

The world of mesoscopic physics has emerged as a frontier research area. Mesoscopic
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physics not only upgrade our fundamental understanding of science but plays an efficient

role in novel technological developments as well. Discoveries and results in mesoscopic

physics got attention of scientific community by the fact that the results go beyond our

intuitive thinking. Mesoscopic phenomena such as leads, FSR (Friedel Sum Rule) [36]

and especially the hierarchy of density of states (DOS) consists local partial density of

states (LPDOS), local density of states (LDOS), partial density of states (PDOS), in-

jectivity, etc. introduce us to local objects in quantum mechanics [9, 10, 11]. All these

physical phenomena is elaborated in terms of scattering phase shift. With non-interacting

systems new phenomena like quenching Hall resistance [37, 38], Φ0

2
oscillations [39], per-

sistent current [2, 40, 41, 42], magnetisation of a Aharonov-Bohm systems, breakdown

the even-odd parity effect, π phase slip [9], universal conductance fluctuations [28], etc.

are found. One can generate equilibrium current in mesoscopic systems [41, 42] called

persistent current, perpetual electric current, which does not require any external power

source or battery. In 1980s, one of the most prominent experiment was done within nano

scale i.e., quantum Hall effect [37, 43]. Details of this experiment can be found in [2].

At high magnetic fields the Hall resistance has been observed to be quantised in units of
h
2e20

with an accuracy in parts per billion. In quantum Hall regime, conductors with the

dimensions of millimetre show quantum behaviour.

Rolf Landauer in 1957 [44, 45, 46] thought purely from quantum mechanical point of

view in terms of the behaviour of electrons in small-scale systems. For instance, Landauer

formula [2, 44] can be derived for an isolated atom or molecule and it can be probed in

the laboratory. Landauer theory predictions have been verified to an accuracy of one

part in a billion, far more accurate than solving any other quantum Hamiltonian sys-

tems except the phenomena of Lamb shift. Landauer recognised that the transmission

probabilities of electronic states played a crucial role in determining conductance. He

established a connection between quantum transmission probability and the resistance

of a pure quantum ensemble. Landauer and others developed a theoretical framework

that can accurately describe electronic transport in mesoscopic systems. His work led

to the formulation of the Landauer-Büttiker formalism [44, 45, 46, 47, 48, 49] devel-

oped in 1980s which provides a quantum mechanical description of electronic transport

and has been influential in developing the field of mesoscopic physics. Thus, Landauer

conductance, Smith dwell time (SDT) and Wigner delay time (WDT) often provide the

basic structure that allows to probe into transport properties of electrons in mesoscopic

regime. For mesoscopic systems one can not give material specific entities like resistivity,

permeability, susceptibility and dielectric constant etc. which can be defined by quan-

tum statistical mechanics with ensemble averaging. Classically analogous variables are

viscosity, tension, elasticity, and friction etc. This thesis is restricted to scale determined

by single particle coherence length of electrons and in-elastic coherence destroys coher-
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ence. The single-particle coherence length is a measure of how far a quantum particle

can propagate coherently without undergoing significant phase changes or decoherence.

The density of states (DOS) is a physical variable that plays a fundamental and

crucial role to understand condensed matter systems [50, 51]. One can understand DOS,

physically and mathematically, from the definition of Green’s function. The imaginary

part of the Green’s function [2] yields the density of states (DOS) and contributes to the

time-dependent component, linking it to the system’s evolution via Fourier transforms.

Larmor clock theory provides us a series of local objects called as hierarchy of density of

states (DOS) [9]. Quite counter-intitutively local partial density of states (LPDOS) or ρlpd

is a local object defined with respect to the leads and help us derive a hierarchy of density

of states (DOS) like partial density of states (PDOS) or ρpd, local density of states (LDOS)

or ρld, injectivity (ρi), emissivity (ρe), etc., see Chapter 4. By adding and integrating

partial DOS over lead indices and sample region, one can get DOS which suggests presence

of local variables in quantum mechanics. To calculate these quantities we need to solve

a quantum mechanical electron scattering problem [52] for the scattering amplitude and

the phase shift. Larmor clock uses the analyticity of scattering matrix elements. We

put LPDOS on firm mathematical ground from which a clear understanding of time

travel emerges that is consistent with quantum mechanics as well as relativity. These

local entities with negativity are further analysed with Burgers circuit, Argand diagram,

loops, sub loops and Fano resonance in [9, 33, 34]. It is known that the resonances in

the mesoscopic systems connected to leads will be mostly Fano resonances and scattering

phase shifts at Fano resonances is very special leading to these rich diversity of physical

phenomena [53, 54, 55, 56, 57]. And as we discussed that in 1997, R. Schuter [27]

and in 2004, K. Kobayashi [29] measurred phase of an electron wave function with the

interference effects which is an important achievement in order to define negativity of

local variables in quantum systems like mesoscopic systems. Before these experiments,

PSD [9] also showed that a particular kind of phase slips in closed quantum ring that

breaks parity effect emplying its physical manifestation. Following Legget’s conjucture

he showed that this phase is different from Aharonov-Bohm phase, phase due to fermion

anti-symmetry or due to change of propagation [9, 15].

One of the most mysterious aspects of quantum physics is the existence of evanescent

modes, states under the barrier, in tunnling problem. There are issues about whether

propagation occurs under the barrier at all, as evidenced by the Hartman effect-like

phenomena [58, 59, 60], which reveals that a tunneling particle can exit the barrier before

entering it. Evanescent states do not form wave packet and therefore group velocity is

not defined. This raises questions about whether propagation occurs under the barrier

at all. Also, wheather the hyperbolic wave functions under the barrier are elements of

Hilbert space is an unsolved problem. One can address this problem with the help of
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physical clocks like Larmor clock and Wigner delay time. Larmor clock theory helps us to

establish theoretical validity of tunneling current and freedom to go beyond the axioms

of quantum mechanics for the verification of propagation of current under the barrier

as well as density of states. In this work [12], we target current under the barrier and

theoretically settle its existence. We also propose a experimental mesoscopic setup for it

varification, see Chapter 7.

In this thesis, we primarily focus on studying non-interacting open mesoscopic sys-

tems that are connected to the leads. With the help of the Larmor clock theory, we make

experimental predictions for local objects of hierarchy [10, 11, 12]. In order to describe

these objets, we find the scattering amplitude and scattering phase shift in a quantum

mechanical electron scattering problem. We further verify the negativity of local partial

density of states (LPDOS) in presence of Fano resonance, determined by π phase shift.

These negative local partial density of states (NLPDOS) shows the possibility of going

electrons back in time [9, 10, 11, 33, 34]. The theoretical validity of tunneling current,

confirmation of the propagation of current under the barrier and DOS for evanescent

states are established by asymptotic theory by surpassing the axioms of quantum me-

chanics. Thus, one can establish local objects in quantum systems without using quantum

mechanical theory which can be seen as a theoretical experiment. This thesis seeks to

observe negative local partial density of states (NLPDOS), tunneling current, DOS for

evanescent states through experiments [11] and thereby indirect evidence of time travel

[10, 12].
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Plan of the thesis

The thesis is organized as follows:

• In Chapter 2, the principles and procedure for sample fabrication of two-dimensional

electron gas (2DEG) are presented. This chapter will help us to gain the funda-

mental concepts such as free electron theory of 2DEG, Landauer formula, etc. in

small-structured devices.

• In Chapter 3, the open mesoscopic systems will be thoroughly discussed. There will

be a detailed discussion on the Aharonov-Bohm effect, transport current, magneti-

sation of mesoscopic systems, and inclusion of magnetic field in the electron wave

function of mesoscopic systems, etc.

• In Chapter 4, the Larmor clock theory will be used to elaborate all local objects in

terms of scattering phase shift of the density of states (DOS) hierarchy.

• In Chapter 5, I will discuss Fano resonance in realistic mesoscopic systems. A de-

tailed calculation of scattering in quasi-1D will also be discussed. A brief discussion

on Burgers circuit will also discussed. The square well potential in 1D will discussed

as well. Together, a multichannel case of delta function potential will covered in

quasi-1D.

• In Chapter 6, I will take into consideration a few experimental configurations that

will enable us to establish the local objects of the hierarchy of DOS, confirm the

negativity of local partial DOS, and thereby time travel.

• In Chapter 7, I shall demonstrate a mesoscopic setup that clarifies the issue of

existence of tunneling current under the barrier. The Larmor clock approach will

be validated in this setup with quantum mechanical theory which can be seen

as a theoretical experiment. Experimentally, magnetodevices can also be used to

measure the magnetisation in the laboratory.

• In Chapter 8, I will be concluding my work and chapters of the thesis at the end.

• Additional calculations given in a Appendix A.



CHAPTER 2

MESOSCOPIC DEVICES

Since the 1980s, semiconductor technology has advanced, enabling the creation of minia-

ture heterostructures. One of the essential structures that enabled the initial quantum

transport experiments [3, 4] was the two-dimensional electron gas (2DEG) that develops

at the interface between an intrinsic i-GaAs substrate and a doped or extrinsic n-AlGaAs

barrier. One can apply lithography or etching techniques on this 2D film to curve out

geometries like an isolated ring or a sample connected to electron reservoirs. The equa-

tion of motion for electrons in such systems is the single particle Schrödinger equation

wherein the bare mass of the electrons are replaced by an effective mass. This effective

mass incorporates the effect of other interactions that may be present in the system [2].

A detailed explanation of the two-dimensional electron gas (2DEG) sample fabrication

technique is provided in Section 2.1. I cover an effective mass equation for a single band,

an effective mass approximation, the E-k dispersion relation, bands and sub-bands, etc.

within free electron theory in Section 2.2. I comment on the Landauer approach for

mesoscopic systems with the effects of reservoir and also discussed axioms of quantum

statistical ensemble in Section 2.3.

2.1 Fabrication of two-dimensional electron gas

During 1980s, physicist were able to fabricate artificial samples or structures with di-

mensions as small as a few hundred angstroms. Many experiments were conducted in

mesoscopic physics with heterojunctions of group III-V semiconductors such as intrinsic

i-GaAs and extrinsic n-AlGaAs. The first experiment was done by B. J. van Wees in

1988 [3] and later D. A. Wharam [4] with the heterostructure of 2DEG of GaAs-AlGaAs

which is a low-dimensional system. This low-dimensional system is referred as mesoscopic

11
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Figure 2.1: Mechanism of 2DEG formation. I: Heterojunction of AlGaAs and GaAs. AlGaAs is n-type
semiconductor doped with positive dopant ions. GaAs has equal number of holes and electrons. II: Band
structure before charge transfer. III: Band structure after lattice matching and charge transfer. A deep
rift is formed towards intrinsic semiconductor where the Fermi level is within the band gap. This well
is filled with electrons that are trapped, thus forming a 2DEG. Ebd is the band bottom energy or band
discontinuity energy.

system. It has been discussed in the textbook [2].

Both GaAs and AlGaAs are direct band gap semiconductors. This specific het-

erostructure has used an intrinsic (i) semiconductor, i-GaAs, and an extrinsic (n/p)

semiconductor, n-AlGaAs. In n-type semiconductors, a group V element is added as

an impurity to the pure or intrinsic semiconductor. Group V elements have an extra

electron, making electrons the majority carriers in n-AlGaAs and holes the minority car-

riers. In intrinsic semiconductors, i-GaAs, the number of holes and electrons are equal.

The reason for choosing these two semiconductors is that their lattice constants are the

same, meaning that their crystal lattices have a similar arrangement. Lattice matching

is crucial for the formation of the 2DEG.

The mechanism of the formation of a two-dimensional electron gas (2DEG) involves

creating a heterostructure by bringing two semiconductor layers in contact with each

other, as illustrated in figure 2.1. The semiconductor layers have similar electron den-

sities and energy band structures, resulting in an confinement potential in the direction

perpendicular to the electron propagation. The lattice matching of semiconductor layers

and the energy gap between the conduction and valence bands of both semiconductors

cause electrons to start spilling over from the electron-rich layer (n-AlGaAs) into the

electron-deficient (i-GaAs) layer. The confinement potential traps the electrons in a nar-
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row region and causes the energy bands to bend at the interface between the layers. The

electrons are confined within narrow trapping region of confinement potential and can

only move in the two directions parallel to the interface, as the transverse direction is

restricted. At the interface of these two semiconductors, where electrons become trapped

in the band gap of lattice-matching regions, they are referred to as a 2DEG.

The band diagram before and after lattice matching is shown in figure 2.1 I, II and III.

In n-type semiconductors, the Fermi energy level, Ef , lies near or below the conduction

band, Ec. This Fermi level is also known as the donor energy level. The Fermi energy

level Ef in the intrinsic semiconductor lies at the middle of the conduction band, Ec,

and the valence band, Ev. When GaAs and AlGaAs are brought into contact with each

other, electrons start to move from the higher concentration region, AlGaAs, to the lower

concentration region, GaAs. This movement of electrons leaves behind holes or positive

dopant ions, which creates an electrostatic energy at the lattice matching sites. As the

electrostatic energy increases, it reaches a point where electrons cannot cross over to the

other side, and the system reaches an equilibrium. This trapping of electrons at the

interface causes the energy bands to bend. A narrow well is developed at the interface

wherein Fermi energy level is in the conduction band gap. Trapped electrons are confined

by a transverse potential in the z-direction, allowing them to move freely only along the x

and y-directions at the interface. This confined electron system is referred to as a 2DEG.

It gives very high mobility of 2D conduction channel. 2DEG in GaAs is very special

because extremely low scattering rates and high mobility have been achieved.

2.2 Free electron model

The free electron model [50, 51] for a two-dimensional electron gas (2DEG) [2] describes

the behaviour of electrons confined to move in 2D plane, typically at the interface between

two semiconductor layers. According to this model, electrons are considered as free

particles that do not interact with the lattice or with other particles. Electrons in 2DEG

behave as though they are free to travel in the other two dimensions while experiencing

quantisation in the confinement direction.

Single band effective mass equation

In 2DEG heterostructure, current is carried by the electrons in the conduction band.

Electron dynamics can be given by single electron effective mass equation [2][
Ebd +

p2

2m∗
0

+ V (x, y, z)

]
ψ(x, y, z) = E ψ(x, y, z) (2.1)
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where, Ebd is the discontinuity energy of the band bottom, shown in figure 2.1. The

quantity p2 is the kinetic energy term defined by (iℏ∇)2 in absence of magnetic field. The

quantity m∗
0 is the effective mass of the electron and V (x, y, z) is confinement potential

energy. Electron is free to move in x−y direction but confined in z−direction. In presence

of magnetic field the same quantity p2 is given by (iℏ∇+ e0A)
2

[
Ebd +

(iℏ∇+ e0A)
2

2m∗
0

+ V (x, y, z)

]
ψ(x, y, z) = E ψ(x, y, z) (2.2)

Here, A is the vector potential. The lattice potential U(r⃗), which is periodic on atomic

scale, does not appear explicitly in Eq.(2.1). Actually, effect of lattice potential is involved

through the effective mass (m∗
0), which is spatially constant. Eq.(2.2) is satisfied by the

plane waves and not Bloch waves.

Effective mass approximation

This approximation assumes that the behaviour of the charge carriers can be approx-

imated by that of a free particle with a modified mass, known as the effective mass.

For convenience, one can solve effective mass equation for 1D. A quantum wire (known

as lead in mesoscopic systems) has finite height and width, while the length extends to

±∞, referred to as a quasi-1D quantum wire. The 1D quantum wire is an idealisation.

The energy of a free electron is given by E = ℏ2k2
2m0

, k is the momentum of the particle

and m0 is the mass of a free electron. An electron moves in a periodic varying poten-

tial, U(x), in a solid. Periodicity of varying potential = lattice constant, a. Therefore,

U(x) = U(x + Na), for 1D where N = 0,±1,±2,±3,... Now Schrödinger equation for

periodically varying potential in 1D (Kronny-Penning model [50, 51]).

−ℏ2

2m0

∇2ψ(x) + U(x)ψ(x) = E ψ(x) (2.3)

Here, U(x) is periodic potential and E is the incident energy of electron. For 3D;

−ℏ2

2m0

∇2 ψ(r⃗) + U(r⃗) ψ(r⃗) = E ψ(r⃗) (2.4)

BLOCH THEOREM [50, 51] suggests solution of this equation

ψ(r⃗) = UK(r⃗) e
iK⃗·r⃗ (2.5)

This is similar to a plane wave solution as it is valid for all r⃗. The dispersion relation as

shown in figure 2.3 within a band is also similar to a plane wave. The difference in slope

of the dr can be accounted for by m0 → m∗
0. This m∗

0 is known as effective mass. K⃗ is
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U(x)

x = b x

U(x)eikx

E1

eikx

E2

reflected

Figure 2.2: Infinitely periodic potential U(x) = U(x+Na) with N = 0,±1,±2,±3,... is shown. The inci-

dent wave packet eik⃗·x⃗ with energy E1 feels lattice potential, shown with Bloch wave function U(x)eik⃗·x⃗.
Another wave packet with energy E2 is in forbidden gap. It reflects back without interacting with the
lattice potential U(x).

the Bloch momentum. UK(r⃗) is Bloch function with the property

UK(r⃗) = UK(r⃗ + R⃗) (2.6)

where, R⃗ is a reciprocal lattice vector. From Eqs.(2.5) and (2.6)

ψ(r⃗ + R⃗) = ψ(r⃗) eiK⃗·R⃗ (2.7)

For 1D, it takes a simple form: ψ(x⃗+ a⃗) = ψ(x⃗) eiK⃗ ·⃗a

Dispersion relation

If incident energy E of the electron lies in the wavy region of figure 2.3 then it propagates

in conduction band to the right with energy E1 in figure 2.2. Electron encounters to

periodic potential in this regime. Due to mismatch of potential at x = b there can be

some reflection at b. Electrons described by the Bloch function UK(x⃗) e
iK⃗·x⃗, its amplitude

does not decay or grow with x but oscillates periodically with x. So these electrons can

go to any distance in the periodic potential without decay or resistance. This may not

be true for electrons incident with an energy E2 in forbidden gap. They are entirely

reflected. They do not find a state inside the periodic potential. So, we may make an

approximation here that electrons with energy like E1 (lying within the conduction band)

does not see the periodic potential (or U(x) = 0) and obey a Schrödinger equation

−ℏ2

2m∗
0

d2ψ(x)

dx2
= Eψ(x) (2.8)

Eq.(2.8) is similar to Eq.(2.4) and E can have two different energies E1 and E2. One can

solve Eq.(2.4) separately for conduction band in figure 2.1 except intermediate region.
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E2

E1

E = ℏ2k2
2m0

E = ℏ2k2
2m∗

0

m∗
0 = 0.067m0

m∗
0 = ∞

k

E

−4π
a

−3π
a

−2π
a

2π
a

3π
a

4π
a0

π
a

−π
a

Figure 2.3: E-k relation: A dispersion curve E vs k is shown for infinite varying potential in solids. The
wavy curve region is conduction band with allowing energy E1. The discontinuity region is for forbidden

gap with energy E2. The incident energy of parabolic curve is E = ℏ2k2

2m0
and for wavy curve E = ℏ2k2

2m∗
0
.

From Eq.(2.8), one derive two equations, one involving E1 with m∗
0 = 0.067m0 and the

other involving energy E2 with m∗
0 → ∞.

Bands and sub-band diagrams

In these narrow conductors, sub-bands or transverse modes are well separated at a given

energy so such conductors are known as electron waveguides [2]. In two-dimensional

electron gas (2DEG), electrons are confined in one direction with confinement potential,

V (z), and can move freely in remaining two directions x and y. The wave function in the

absence of magnetic field can be written as

ψ(x, y, z) = sin

(
n′π

d

(
z +

d

2

))
eikxx eikyy (2.9)

The total energy and the dispersion relation will be

E = Ebd + ϵn
′
+ Ey + Ex (2.10)

E = Ebd + ϵn
′
+

ℏ2

2m∗
0

(k2x + k2y) (2.11)

Where, E is the total energy given by the sum of band bottom Ebd, thershold ϵn
′
in

z-direction and x− y direction energy. In Eq.(2.10)

Es = Ebd + ϵn
′

(2.12)

is sub-band energy as shown in figure 2.4. Here, ϵn
′
shows the threshold energies corre-

sponding to different sub-bands with different wave functions ψz. At low temperatures



2.2. FREE ELECTRON MODEL 17

kx

E

n′ = 1, n = 1

Es = Ebd +
ℏ2
2m∗

0

(n′=1)2π2

d2
(= ϵn

′
)

n′ = 1
n = 2

Ey =
ℏ2
2m∗

0

(n=1)2π2

w2

Ef

Figure 2.4: A dispersion relation curve is drawn for 1D conduction channel in 2D material. The confining
potential is in y-direction and electron propagates in x-direction within transverse modes. The energy,
ϵn

′
, in z-direction is dropped because it is constant everywhere. Ebd is the band discontinuity energy.

ϵn
′
is the energy along z-direction which is also known as thershold energy and n′ denotes number of

modes. Here, n′ is taken 1. Ey is the energy in y-direction with n mode. Ef denotes Fermi energy and

Es is sub-band energy which is sum of Ebd and ϵn
′
. For simplicity, Ebd can set to be zero.

only the lowest sub-band n′ = 1 is occupied in z-direction and higher sub-bands have

very low electron/hole densities that do not play any role in conduction.

Suppose a rectangular conductor which is uniform in x-direction and has confinement

potential, V (y), in y-direction. It means electrons are confined in y-direction. Wave

function can be written as

ψ = sin

(
n′π

d

(
z +

d

2

))
sin
(nπ
w

(
y +

w

2

))
eikxx (2.13)

for d >> W , d is the height in z-direction and W is the width in y-direction. For n′ = 1,

different parabolic curves are shown with different values of n in figure 2.4. The energy

in z-direction will be constant so one can drop its corresponding term i.e., ϵn
′
and total

energy of an electron will be

E = Ebd +
ℏ2

2m∗
0

n2π2

w2
+

ℏ2k2x
2m∗

0

(2.14)

On comparing Eqs.(2.10), (2.11), (2.12) and (2.14),

Es =Ebd +
ℏ2

2m∗
0

n′2π2

d2
(= ϵn

′
, this term has dropped in Eq.(2.14),

Ey =
ℏ2

2m∗
0

k2y =
ℏ2

2m∗
0

n2π2

w2
and Ex =

ℏ2k2x
2m∗

0

.
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Lowest sub-band for z-axis is n′ = 1, with discrete values of n′ = 1, 2, 3, ... in y-axis shows

transverse modes or sub-bands shown in figures 2.4 and 2.6.

Difference between two-dimensional electron gas (2DEG) & metals

• At low temperatures the current in 2DEG is carried by electrons that have energies

more or less equal to Fermi energy. That is why Fermi wavelength is very relevant

length for conduction and given by λf =
2π
kf

=
√

2π
ρe0

, where, kf is the Fermi energy

and ρe0 is the electron density. The Fermi wavelength in a 2DEG is generally higher

than in a metal. This is because the Fermi wavelength is inversely proportional to

the square root of the electron density, i.e
√
ρe0 . In a metal, the electron density is

typically very high due to the large number of electrons (1028/cm3) in the material.

This high electron density results in a smaller Fermi wavelength in metal. On the

other hand, in a 2DEG, the electron density (1011/cm2) is typically lower because

the electrons are confined to move in a 2D plane. With a lower electron density,

the Fermi wavelength in a 2DEG is larger. The larger Fermi wavelength in a 2DEG

has important consequences for the electronic properties of the system. It leads

to enhanced quantum effects, such as quantum confinement and quantisation of

energy levels, which can give rise to unique phenomena like the quantum Hall effect

and ballistic transport [2]. In 2DEG, Fermi wavelength is about 35 nm for electron

density 5 ∗ 1011/cm2. In metals, Fermi wavelength is extremely short, of the order

of the distance between atoms (≈ .25 nm).

• In-elastic mean free path is a distance, travelled by an electron before loosing its

initial momentum, given by l = vfτ . Here l is the in-elastic mean free path,

vf is the Fermi velocity and τ is the relaxation time of momentum. The Fermi

velocity is given by vf =
ℏkf
m∗

0
= ℏ

m∗
0

√
2πρe0 = 3 ∗ 107cm/s with number of electrons

ρe0 = 5 ∗ 1011/cm2. Thus, one can say Fermi velocity is lower in a 2DEG than a

metal because Fermi velocity is directly proportional to the square root of electron

density.

2.3 Landauer formula

In condensed matter physics, four probe method is used to separate the contact resis-

tance and sample resistance [61]. In mesoscopic physics, experimental observations can

be interpreted as quantum measurements. So, four probe method can not be used to

separate sample and contact resistance. A schematic diagram is illustrated in figure 2.5

for Landauer conductance setup. In this figure, a barrier with a certain height connects

two electron reservoirs, depicted by wavy lines. These reservoirs are connected via lead 1
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T

Barrier

Band bottom

µ1

Reservoir 1
Reservoir 2

µA

Lead 1 Lead 2

µB

µ2

Figure 2.5: A setup of Landauer conductance shown in figure wherein a conductor with a transmission
probability T is connected to left reservoir 1 and right reservoir 2 via lead 1 and lead 2 respectively.
Reservoirs are classical batteries (current probe) and leads (voltage probes) are quantum wires. The wavy
signs are shown for a sharp demarcation of classical (reservoir) and quantum (lead) regime. Reservoirs
have chemical potential µ1 for left reservoir and µ2 for right reservoir. Leads also have with their own
chemical potentials like µA for left lead and µB for right lead. Current is going from left reservoir 1 to
right reservoir 2.

and lead 2, respectively. Each reservoir and lead has its own chemical potential denoted

as µ1 and µ2 for reservoirs, and µA and µB for leads. T is the transmission probability.

At zero temperature, the energy distribution of electrons are shown in figure 2.6 with

transverse modes in left and right leads. One can find derivation in [2].

In figure 2.5, if the barrier height is infinite then µA = µ1 and µB = µ2. But, if there

is transparency of barriers then µ1 > µA > µB > µ2. This transparency of barriers does

not affect the chemical potential of reservoirs by definition. Below µ2 the system is in

equilibrium. Transport can occur only in this regime µ2 < E < µ1. Current emitted by

reservoir 1 is

dI1 = (dn) e0 v0 =
dn

dE
e0 v0 dE =

dn

dE
e0 v0 (µ1 − µ2)

This is differential current dI1 which is proportional to the difference of chemical poten-

tials µ1−µ2 so it is linear response i.e. (µ1−µ2) << 1. dI1 is influx current in conductor

from left lead 1. dn
dE

is 1D DOS given by 2
hv0

, here 2 stands for spin degeneracy. Therefore,

dI1 =
2

hv0
e0 v0(µ1 − µ2) =

2e0
h

(µ1 − µ2) (2.15)

Current reaches to the other reservoir dI1→2 is

dI1→2 =
2e0(µ1 − µ2)

h
T ; where T = |t|2 is the transmission probability.

dI1→2 current is transmitting from left lead 1 to right lead 2. Now (µ1 − µ2) corresponds

to a differential potential difference e0 dU1→2 i.e., (µ1 − µ2) = e0 dU1→2. The term

(µ1 − µ2) is other form of energy in terms of chemical potential which is also equal to
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Figure 2.6: A schematic diagram of mechanism of the energy distributions of the incident electrons
at zero temperature is supposed to be step functions. µ1 and µ2 are the chemical potentials in both
reservoirs. T is the transmission probbability. I+1 is the current going from reservoir 1 to conductor.
I−1 is the reflected current from conductor before reaching reservoir 2. I+2 is the current going from
conductor to reservoir 2. We have shown only three sub-bands in leads with integer values n = 1, 2, 3 in
y-direction corresponding n′ = 1 sub-band in z-direction.

energy e0 dU1→2 in terms of electrostatic potential. Since,

dI1→2 =
2e20
h

dU1→2 T

G1→2 (or G) =
dI1→2

dU1→2

=
2e20
h
T (2.16)

The conductance of small sized conductors introduces two modifications to Ohm’s law.

First, contact resistance is independent of the length L of the sample. Second, conduc-

tance does not decrease linearly with the width W but varies with the transverse modes

and goes down in discrete steps of
2e20
h
. Voltage probes are attached to reservoirs. This

expression is celebrated as two probe conductance formula. Voltage probes are analogous

to voltmeter so no current in the lead. If T = 1, then G =
2e20
h

≈ 1
25
kΩ−1 ; R = 25kΩ.

The measured conductance is shown in figure 2.7 wherein plateaus exhibit that is corre-

sponding to constant number of propagating modes, discussed in [2].

We consider the left lead for the same figure 2.5 and write number of states in be-

tween chemical potentials. Number of occupied states above µA are equal to number

of unoccupied states below µA. Again, we write number of occupied states between µA

and µ1 is given by dn
dE

(µ1 − µA)(1 + R), where R means all the left moving or −k states

are not occupied. Similarly, number of unoccupied states between µ2 and µA is given by

2 dn
dE

(µA − µ2)− dn
dE

(µA − µ2)(1 +R).

Similarly, we consider right lead in figure 2.5 and write number of states between
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Figure 2.7: A schematic figure of discretized conductance versus gate voltage is shown. Conductance is

discrete in terms of
2e20
h from Landauer’s formula.

different chemical potentials. Number of occupied states above µB are equal to number

of unoccupied states below µB. Number of occupied states between µB and µ1 is given

by dn
dE

(µ1 − µB)T . Similarly, number of unoccupied states between µ2 and µB is given

by 2 dn
dE

(µB − µ2) − dn
dE

(µB − µ2)T . First term 2 dn
dE

(µB − µ2) represents total number of

states in this energy range. Factor 2 because ± states are degenerate. In second term,
dn
dE

(µB − µ2)T , T is the probability with which +k states are filled. −k states cannot be

filled because reservoir 2 cannot eject electrons above µ2. Solving all these one can get,

e0 dU = µA − µB = R(µ1 − µ2)

Current from lead 1 to lead 2 can be written as

dI1→2 =
2e0
h

(µ1 − µ2)T =
2e0
h

e0dU1→2

R
T

or, G1→2 =
dI1→2

dU1→2

=
2e20
h

T

R

This should be observed for four probe measurement if objective reality exists like con-

densed matter physics. But in mesoscopic case this is not observed because of quantum

measurements. Theoretically, in this thesis, we focus on three probe setup rather than

four probe (Chapter 6). We are considering finite temperature in figure 2.5. At absolute

zero temperature, we do not differentiate in states and electrons as each electron occupies

single state. Number of electrons in left lead with the Fermi function is written as

dn

dE
f(E, µ1) (2.17)

Similarly, number of electrons in right lead is

dn

dE
f(E, µ2) (2.18)
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where, f(E, µ1) and f(E, µ2) are Fermi-Dirac distribution functions. This function gives

energy distributions of electrons in leads as

f(E, µ1) =

[
1

e
(E−µ1)
kBT + 1

]
µ1=Ef

Number of electrons on the left that wants to cross to the right of the sample is

dn

dE
[f(E, µ1), f(E, µ2)]

Again, dn
dE

is the density of states. In actual, number of electrons of them that cross to

the right of the sample is given by difference of Eqs.(2.17) and (2.18) with transmission

probability T

dn

dE
[f(E, µ1)− f(E, µ2)]T

Current can be given by

dI1→2 =
2

hv0
[f(E, µ1)− f(E, µ2)]Te0v0

or, dI1→2 =
2e0
h

[f(E, µ1)− f(E, µ2)]T (2.19)

If both potentials are held at the same temperature or potential then µ1 = µ2 and

Eq.(2.19) predicts zero current. As one would expect f1(E) = f2(E) → I1→2 = 0. But at

different temperatures or chemical potentials of leads, current will be

dI1→2 =
2e0
h

∂f

∂µ
dµT (E) =

2e0
h

(−1)
∂f

∂E
(µ1 − µ2)

I1→2 will be non zero as ∂f
∂µ

= − ∂f
∂E

. This fraction shows differential change of Fermi

function with respect to chmical potential or energy. Total current is expressed as

I1→2 =

∫ ∞

0

2e0
h

(
− ∂f

∂E

)
T (E)(µ1 − µ2)dE

or,
I1→2

U1→2

=
2e20
h

∫ ∞

0

dE

(
− ∂f

∂E

)
T (E) (2.20)

Eq.(2.20) is linear response formula at non-zero temperature. The fraction, ∂f
∂E

≈ δ(Ef −
E) as f(E) = θ(Ef − E) which shows step function.

G1→2 =
2e20
h

T (Ef ) (2.21)
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Where, T (Ef ) is transmission probability at Fermi energy of incident electrons Ef with

respective reservoir. Eq.(2.21) is famous Landauer conductance formula that relates

conductance or resistance to transmission probability of electrons.

Consequences of reservoir in mesoscopic system

The Landauer conductance is provided by mesoscopic systems having an electron reservoir

with chemical potential µ and temperature T connected to the sample via leads [9, 44].

In statistical mechanics, thermodynamically large systems are considered. We deal with

these systems that connected to electron reservoir(s). One can hypothetically decompose

a microcanonical ensemble into a grand canonical ensemble and an environment to define

probability distribution. The total Hamiltonian H(p, q,N) of the canonical system with

N particles of coordinates and momenta (q, p), in [13],

H(p, q,N) = Hs(p1, q1, N1) +He(p2, q2, N2)

where, Hs(p1, q1, N1) is Hamiltonian of grand canonical system with N1 particles. Simi-

larly, He(p2, q2, N2) is the Hamiltonian of electron reservoir with N2 particles. We start

by saying that the total Hamiltonian of the system and reservoir can be decoupled as

H = Hs + He. Where, Hs is the system Hamiltonian that gives some single particle

or many body eigenenergies ϵs. The degrees of freedom in He, the Hamiltonian of the

reservoir, can be integrated out to lead to parameters like chemical potential µ and tem-

perature T . Now from ϵs , µ and T one can derive a free energy that determines transport

and thermodynamic properties. This will obviously fail as the system size starts becoming

smaller. And then, mesoscopic physics helps us understand step by step how it happens.

First of all, statistical mechanics ignores a surface term in the Hamiltonian which is of the

form say Hse that depends on the combined degrees of freedom of the system and that

of the reservoir. In mesoscopic physics, the leads take care of such terms and this is the

first reason why we need the leads. At one end, it is connected to the ring or the sample

and reservoir at the other end. Secondly, the Hamiltonian will only give the electronic

states and so where are the electrons? Statistical mechanics tell us that we do not have

to be very particular about that. The electrons are anyway there and the only thing that

matters is their fluctuations for which the law of large numbers applies (Stirling formula

etc). All these ideas break down for mesoscopic systems in the laboratory. Law of large

numbers has to be discarded and ensemble averaging does not work. Exchange of elec-

trons takes place between the reservoirs and the system via leads that model the voltage

probes, current probes or any other probe like a scanning tunneling microscope (STM)

tip etc. We have to consider their specific roles and configurations through the electronic

Hamiltonian in the leads. The role of leads can be partially included with the help of a
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self energy term in Hs that can account for level broadening as the energy levels of Hs leak

out. One has to solve the scattering problem to account for this and thereby understand

the effective changes in the eigenenergies and states of the system. These changes cannot

be always modeled through parameters as is done via non-equilibrium Green’s function

techniques [2] because these changes are responsible for mesoscopic phenomena involving

resistance, capacitance and inductance. These changes can be explicitly calculated by

solving the scattering problem and to setup the scattering problem we need the lead is

the third reason. This will further give us concepts like partial states and local states

that cannot be defined from the Hamiltonian alone. As a fourth reason, something very

drastic happens because of the leads for which so far there is no way to account for by

correcting eigenenergies of the system using some parameters. A state in the system

can leak out through the leads in multiple ways, some of them being evanescent modes.

This leads to bound states in the continuum and very dramatic changes in properties

of the system. Without considering their effect mesoscopic systems cannot be properly

understood.

Classical and quantum statistical mechanics

Classical and quantum statistical mechanics are two branches of physics that deal with

the statistical behaviour of systems consisting of a large number of particles. There are

key differences between both approaches which include classical particles being distin-

guishable with well defined positions and momenta, no uncertainty principle, continu-

ous energy, ensemble with Maxwell-Boltzmann distribution and thermal equilibrium etc.

While quantum particles are indistinguishable, exhibit wave-particle duality, quantised

energy, ensemble with Bose-Einstein and Fermi-Dirac distributions, exhibit quantum fluc-

tuations etc. [13]. Both statistical systems can be divided in three parts of ensembles the

microcanonical ensemble, the canonical ensemble, and the grand canonical ensemble. All

these ensembles are used to describe systems in equilibrium. The postulates of quantum

statistical mechanics are discussed below.

a. Equal a prior probability : It implies that each state of a system is equally prob-

able. The probability distribution in microcanonical ensemble is given by this axiom,

which states that all accessible micro states with the same energy are equally accessible.

⟨an|an⟩ =

1 E < En < E + δ;

0 else
(2.22)

b. Random phase approximation : It implies that state of the system in equilibrium

can be written as an incoherent (or mixed states) superposition of eigenstates of H. This
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mixed state can be understood by density matrix.

⟨an|am⟩ = 0 (2.23)

The diagonal elements of the density matrix represent the probabilities of finding the

system in the corresponding eigenstates of the system’s observable. The off-diagonal ele-

ments represent the coherence between different states, indicating the presence of quan-

tum correlations or interference effects.

This chapter thereby clarifies fundamental physics of new a branch of condensed

matter physics. The two-dimensional electron gas (2DEG) is formed at the interface of

a heterojunction, usually of GaAs-AlGaAs. Small-structured devices such as quantum

ring, quantum dot, quantum point contacts etc. can be fabricated from 2DEG. Sub-bands

quantisation (consequences will be discussed in Chapter 5 of the thesis) is very specific

feature in mesoscopic samples which are created due to confinement potential. From this

confinememt potential an electron rich region is created in 2DEG. The electron transport

in this regime can be very well explained by using the Landauer formalism. Leads are

integral part of Landauer formalism.

NOTE: In the following chapters, we will conveniently utilise m0 to represent the

effective mass and symbolise confinement and electrostatic potential with U .
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CHAPTER 3

OPEN MESOSCOPIC SYSTEMS

One of the great achievements in mesoscopic physics is that Landauer-Büttiker formalism

[44, 45, 46, 47, 48, 49] considers electrons transport as a transmission problem at Fermi

level. Mesoscopic systems behave quantum mechanically because they preserve coherence,

which gives them intriguing and unique physical properties. Magnetisation is an essential

thermodynamic property of a system that responds to a magnetic field. It is an emergent

and equilibrium property that can not be defined for a single atom or molecule. In this

chapter, the calculation of magnetisation [9] in mesoscopic systems will be elaborated in

detail. Mesoscopic systems connected to reservoir termed as open mesoscopic systems.

These systems respond to interference effects like Aharonov-Bohm effect [7] etc.

We introduce the Aharonov-Bohm effect in Section 3.1. We compute the current

expression for semi-infinite leads, which is in accordance with the Landauer formula,

in Section 3.2. The calculation of the magnetisation of an open Aharonov-Bohm ring

using the normalisation constant is discussed in Section 3.3. In Section 3.4, we show

the incorporation of the Aharonov-Bohm phase α into the electron wave function in the

presence of a magnetic field, using the Feynman path approach.

3.1 Aharonov-Bohm effect

Aharonov-Bohm (AB) effect [7] is a quantum mechanical phenomena, in which any charge

particle is affected by the electromagnetic potential in a region where the electromagnetic

fields are zero. It can be studied for both open and closed systems. We consider a

Hamiltonian for a particle with charge e0 in magnetic field will be

H =
1

2m0

[(
p̂− e0

c
A⃗
)2]

+ e0 U (3.1)

27
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Here, A⃗ is the vector potential and U is the scalar potential. The operator p̂ = −iℏ∇⃗
is momentum operator where ∇ is the del operator. The magnetic field is given by

B⃗ = ∇⃗ × A⃗. The dynamics of the particle will be governed by Schrödinger equation

iℏ
∂ψ

∂t
= Hψ (3.2)

Gauge transformations, for mesoscopic systems, which keeps the Schrödinger equation

invariant are

A⃗→ A⃗+ ∇⃗λ = A⃗′ (3.3a)

U → U − 1

c

∂λ⃗

∂t
= U ′ (3.3b)

ψ → wψ = ψ′ (3.3c)

w = e
ie0λ
ℏc (3.3d)

The last two equations (3.3c) and (3.3d) are required conditions only for quantum par-

ticles. To understand the significance of gauge transformations, first of all, in Eq.(3.3a)

one can see that ∇⃗ × ∇⃗λ = 0 for any scalar λ. That implies A⃗ and A⃗′ both give same

magnetic field B⃗. Schrödinger equations before and after transformations is

iℏ
∂ψ

∂t
=

[
1

2m0

(
ℏ
i
∇⃗ − e0

c
A⃗

)2

+ e0 U

]
ψ (3.4)

iℏ
∂ψ′

∂t
=

[
1

2m0

(
ℏ
i
∇⃗ − e0

c
A⃗′
)2

+ e0 U
′

]
ψ′ (3.5)

Claiming that vector potential A⃗, scalar potential U and Schrödinger equation are all

interchangable before and after transformations. One can continue calculations whichever

Eq.(3.4) or (3.5) is comparatively easy. We consider for an electron charge −e0 and for a

positron charge +e0. The uniformity of two equations

H =
1

2m0

(
p̂2 − e0

c
p̂ · A⃗− e0

c
A⃗ · p̂+ e20

c2
A⃗2

)
+ e0 U (3.6)

Classically p̂ and A⃗ commute. In quantum mechanics p̂ is a differential operator,

p̂ · A⃗ =
h

i
(∇⃗ · A⃗) + A⃗ · p⃗ (3.7)

The uniformity equation

H =
p̂2

2m0

+
iℏe0
2m0c

(∇⃗ · A⃗)− e0
m0c

A⃗ · p̂+ e20
2m0c2

A⃗2 + e0 U (3.8)
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Note that Coulomb gauge can be used with ∇⃗ · A⃗ = 0 but it can be inconvenient when

one generalise to rings with finite thickness and width. So better to use following identity(
ℏ
i
∇⃗ − e0

c
A⃗′
)
wψ = w

(
ℏ
i
∇⃗ − e0

c
A⃗

)
ψ (3.9)

Here, w is not constant but in identity it almost behaves like a constant except A⃗′ →
A⃗+ ∇⃗λ. The LHS of identity (Eq.(3.9)) is called gauge covarient derivative. Now prove

the identity

LHS =
ℏ
i
(∇⃗w)ψ + w

ℏ
i
∇⃗ψ − e0

c
A⃗ w ψ − e0

c
(∇⃗λ)wψ

Eq.(3.5) can be written as

iℏ
∂ψ′

∂t
=

1

2m0

(
ℏ
i
∇⃗ − e0

c
A⃗′
)(

ℏ
i
∇⃗ − e0

c
A⃗′
)
ψ′ + e0U

′ψ′

substituting from Eq.(3.3c) ψ′ → wψ

iℏ
∂

∂t
(wψ) =

1

2m0

(
ℏ
i
∇⃗ − e0

c
A⃗′
)(

ℏ
i
∇⃗ − e0

c
A⃗′
)
wψ + e0 U

′wψ

or iℏ
∂

∂t
(wψ) =

1

2m0

(
ℏ
i
∇⃗ − e0

c
A⃗′
)
w

(
ℏ
i
∇⃗ − e0

c
A⃗

)
ψ + e0 U

′wψ

Use identity from Eq.(3.9)(
ℏ
i
∇⃗ − e0

c
A⃗

)
ψ =ψ′′ (3.10)

or iℏ
∂

∂t
(wψ) =

1

2m0

(
ℏ
i
∇⃗ − e0

c
A⃗′
)
wψ′′ + e0 U

′wψ

again from Eq.(3.9)

iℏ
∂

∂t
(wψ) =

1

2m0

w

(
ℏ
i
∇⃗ − e0

c
A⃗

)
ψ′′ + e0 U

′wψ

or iℏ
∂ψ

∂t
=

1

2m0

(
ℏ
i
∇⃗ − e0

c
A⃗

)
ψ′′ + e0 U

′ ψ

as w does not depend on t as well as U ′ = U , we find by putting the value of ψ′′ from

Eq.(3.10)

iℏ
∂ψ

∂t
=

1

2m0

(
ℏ
i
∇⃗ − e0

c
A⃗

)2

ψ + e0 U ψ (3.11)

It proves that both Eqs.(3.4) and (3.5) are equivalent to each other. We have freedom to

set

A⃗′ = A⃗+ ∇⃗λ = 0 (3.12)
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From Eq.(3.12), λ can be choosen arbitrarily which gives from Eq.(3.5)

iℏ
∂ψ′

∂t
=

1

2m0

[(
ℏ
i
∇⃗
)2

+ e0 U
′

]
ψ′ (3.13)

This is same as Schrödinger equation in absence of magnetic field. To be noticed that

ψ′ has an extra phase, as can be seen from Eqs.(3.12) and (3.13), that plays a role for

magnetic field at the center of the ring. Since there is no magnetic field in the ring, that’s

why no Lorentz force acting on the electrons. Now question arises that an extra phase

in electron wave function affect observables at all, specifically in case of Copenhagen

probability |ψ′|2? The claim is that it will affect observables only when trajectories are

closed. This is a purely quantum interference phenomenon which results in an equilibrium

current in the system that is not driven by any classical force. But if the system does not

allow any closed trajectory then there will be no observable effect. There is no restriction

on the path of the closed trajectory that could be circular, or square, or elliptical or

random walk that eventually comes back to the starting point.

Gauge fixing for finite thickness ring

Eqs.(3.3a) and (3.3b) allow λ to be any value; however, we have utilized this freedom

to imply a derivative in Eq.(3.12). Therefore, gauge fixing-also referred to as fixing the

components of ∇⃗λ-is required. Gauge fixing is typically used to solve the Schrödinger

equation in the presence of a magnetic field. With this one can use a particular choice

for vector potentials Ax, Ay and Az that is known as Coulomb gauge i.e., ∇⃗ · A⃗ = 0.

This gauge fixing perfectly works for a perfect circular 1D ring lies on 2D plane in polar

coordinates. If electron trajectory is restricted on square path then we can use cartesian

coordinates. Coulomb gauge in cartesian coordinates will be ∇⃗·A⃗ = ∂xAx+∂yAy+∂zAz =

0. It shows

Ax = −Boy, Ay = 0, Az = 0 (3.14)

that in turn leads to a magnetic field that can be applied exactly

B⃗ = ∇⃗ × A⃗ = k̂Bo

Bz = ∂xAy − ∂yAx = Bo; Bx = ∂yAz − ∂zAy; By = ∂xAz − ∂zAx

Thus, Coulomb gauge in cartesian coordinates give rise to the vector potential profile

shown in the figure 3.1. However, our choice of coordinate system should not determine

the outcome of an observation and so one should be able to solve the situation of a

perfectly circular ring with the kind of vector potential distribution shown in figure 3.1

and get the same result as that of gauge fixing in polar coordinates. So gauge fixing may
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Ax

Ay

(Ax = 0, Ay = 0)

Ax = 0

Ax = −B0y

Ax = −B0a

Ax = −B0y

Figure 3.1: Vector potential profile due to Coulomb gauge in Cartesian coordinates along a square path
of sides of length “a” as given by Eq.(3.14).

not be at all a good idea in case the ring has a finite thickness or for a disk because

in such systems one can imagine all kinds of closed trajectories ranging from circular to

square.

Twisted boundary conditions

Twisted periodic boundary condition for a closed trajectory in a finite thickness ring

means ψ(x, y, z) = ψ(x + Lx, y, z). It is same for any arbitrary closed trajectory that

one can imagine in a finite thickness ring. These trajectories are not directly related to

electron motion in the system but effectively related through the concept of Feynman

paths that will be further elaborated in Section 3.4. For the special case of a 1D ring one

can just drop the y and z degrees of freedom. From Eqs.(3.3c) and (3.3d) using the fact

that for electron phase will be with negative sign.

ψ′(x, y, z) = e−
ie0
ℏc λ ψ(x, y, z)

ψ′(x+ Lx, y, z) = e−
ie0
ℏc

∫ Lx
0 ∇⃗λ·d⃗l ψ(x+ Lx, y, z)

= e−
ie0
ℏc

∫ Lx
0 ∇⃗λ·d⃗l ψ(x, y, z) (3.15)

reason being a closed trajectory implies ψ(x + Lx, y, z) = ψ(x, y, z) for ψ, whereas ψ′

satisfies Eq.(3.3c). d⃗l is a small change in length along a given trajectory that make a

closed path. Total length of the path being Lx. For the special situation of Lx = 0 we

get

ψ′(x, y, z) = e−
ie0
ℏc

∮
∇⃗λ·d⃗l ψ(x, y, z) = ψ(x, y, z) (3.16)

From Eqs.(3.15) and (3.16)

ψ′(x+ Lx, y, z) = e−
ie0
ℏc

∫ Lx
0 ∇⃗λ·d⃗l ψ′(x, y, z) (3.17)
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or, ψ′(x+ Lx, y, z) = e
ie0
ℏc

∫ Lx
0 A⃗·d⃗l ψ′(x, y, z) (3.18)

or, ψ′(x+ Lx, y, z) = e
i2πΦ
Φo ψ′(x, y, z) (3.19)

where, Φ =
∫ Lx

0
A⃗ · d⃗l is magnetic flux at the center of the ring and Φo =

hc
e0

is defined

as flux quantum. Aharonov-Bohm phase α is given by 2πΦ
Φo

in Eq.(3.19). Note that

the only aspect of the ring geometry that has gone into this analysis is the fact that

x+Lx = x which means it can be an ellipse or any deformed version of a ring. We want

to generalize a ring of finite thickness wherein one can choose from various types of such

closed trajectories. So it is important to understand it from the topological point of view

that we only need the possibility of trajectories that close on itself. To be mathematically

correct the study is done for topology of a ring not for ring geometry.

In the rest of the chapter, we will use the simple system of a one-dimensional ring. It

can be solved analytically and the results can be elaborated with respect to the underlying

physics in Section 3.3. That the magnetic field affects the phase of the electron wave

function in the ring will magnetise the ring as we will show subsequently. This is different

from all classical magnetisations and a few Gauss of magnetic field can magnetise the

ring due to Aharonov-Bohm effect [7]. Realistic systems like a ring of finite thickness or

disk will also get magnetised by a fraction of a single flux quantum based on the same

physical principle. For such systems solving and demonstrating explicitly may involve

some technical difficulties.

3.2 Transport current

We consider a 1D quantum scattering problem discussed in textbooks and illustrated in

figure 3.2. In this scattering problem, either sides of rectangular barrier can be consid-

ered as semi-infinite leads likewise in mesoscopic systems [44, 45, 46]. But in quantum

mechanics, there is no concept of reservoir. In figure 3.2, one side of leads is connected

to quantum scatterer, i.e., rectangular barrier and other side of leads is going upto ±∞.

we will compute current for these semi-infinite leads. The Schrödinger equation for the

problem is

− ℏ2

2m0

d2ψ

dx2
+ U(x)ψ(x) = Eψ(x) (3.20)

where m0 is the electron mass and E is the incident energy. In region I and III potential

is zero, U(x) = 0, whereas region II has some non-zero but finite potential. The solutions

of Schrödinger equation in region I and III can be written as.

ψI = a eikx + b e−ikx

ψIII = c eikx
′
+ d e−ikx

′ (3.21)
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x = 0 x = l;x′ = x− l

ψI = a eikx + b e−ikx

I

ψII = f eiqx + g e−iqx

II

ψIII = c eikx
′
+ d e−ikx

′

III

U(x) = U(0)U(x) = 0 U(x) = 0

eikx e−ikx

Figure 3.2: A wave (particle) with energy E can incident from left in the region I as well as from right in
the region III. Potential barrier and propagation components of the incident, reflected, and transmitted
waves are mentioned in all the regions of figure, when energy of incident particle is greater than potential
U(x). U(0) is the constant potential in region II. A new coordinate x′ is introduced for region III and
l is the width of the barrier potential.

where x′ = x − l is another coordinate taken zero at x = l for wave function in region

III. This kind of scattering problem in 1D is solved by considering that a particle

once transmitted never turns back because there is nothing to reflect it back. This

problem is solved in textbooks by making d = 0 without giving any proper description.

In condensed matter systems, we often do not have the freedom to rule out electrons

incident simultaneously from the left as well as from the right. We derive current for

semi-infinite leads without making d = 0 in this section. Leads can go upto ±∞ but

as electrons go far from scatterer then a, b, c and d depend on the the coordinates of

the external world with time. This is the time at which electron starts to react with

classical world. In this case, we need to use statistical mechanics axioms such as equal a

priori probability and random phase (chapter Eight in K. Huang’s 2nd edition, Statistical

Mechanics [13]) i. e.

|ā|2 = |d̄|2 = 1 (3.22)

āb = c̄d = ā∗b = ab̄∗ = cd̄∗ = c̄∗d = d̄∗a = ā∗d = 0 (3.23)

Eq.(3.22) demands that the flux of incident particles equally probable from the left as

well as the right. Thus, we are avoiding setting d = 0 by hand. It also shows that incident

flux of electron from left lead is equal to right lead’s incident flux. Whereas Eq.(3.23) tells

that all cross terms are zero implies symmetry of momentum operator for semi-infinite

leads [9, 62]. However, a and d may have some intial phases which do not affect our

analysis. c and b is determined with scatterer. In figure 3.2 the amplitude of b can be

written as

b = a r + d t′
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at x = 0. Where, b contains the reflected part of a which is a r in left lead and in right

lead b consists the transmitted part of d which is d t′. Likewise for amplitude c can be

written as

c = d r′ + a t

at x′ = 0. Again c has the reflected part of d whch is d r′ in right lead and in left lead c

has the transmitted part of a in left lead. Here, r and t are reflection and transmission

amplitude in left lead or region I while r′ and t′ are reflection and transmission amplitude

in right lead or region III in figure 3.2. Thus, the wavefunction in region III can be

written as

ψIII = d r′ eikx
′
+ a t eikx

′
+ d e−ikx

′
(3.24)

Quantum mechanical current is given by for ψIII

J =
e0ℏ
2m0i

[
ψ∗
III ∇ψIII − ψIII ∇ψ∗

III

]
(3.25)

using Eq.(3.24), conjugation of ψIII can be written as

ψ∗
III = d∗ r′∗ e−ikx

′
+ a∗ t∗ e−ikx

′
+ d∗ eikx

′
(3.26)

from Eq.(3.25), current density J can be written as

J =
e0ℏ
2m0i

[
(d∗r′∗e−ikx

′
+ a∗t∗e−ikx

′
+ d∗eikx

′
)
d

dx
(dr′eikx

′
+ ateikx

′
+ de−ikx

′
)

− (dr′eikx
′
+ ateikx

′
+ de−ikx

′
)
d

dx
(d∗r′∗e−ikx

′
+ a∗t∗e−ikx

′
+ d∗eikx

′
)

]
J =

e0ℏ
m0

Im
[
(ik)(|r′|2 + |t|2 − r′∗e−2ikx′ + r′e2ikx

′ − 1)
]

J =
e0ℏ
m0

Im
[
(ik)(|r′|2 + |t|2 − |r′∗|e−2ikx′−iη + |r′|e2ikx′+iη − 1)

]
J =

e0ℏ
m0

Im
[
(ik)(|r′|2 + |t|2 + (2i)|r′| sin(2kx′ + η)− 1)

]

here, r′ = |r′| eiη. So the current density on the right lead in figure 3.2 at T = 0K for

incident wave e±ikx is

J =
e0 ℏk
m0

[
|r′|2 + |t|2 − 1

]
(3.27)
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The above current is of the form e0v0n. Therefore, differential current dJin, the current

in dE energy interval, is

dJin = e0 v0
dn

dE
dE = e0 v0

1

hv0
dE (3.28)

Here, dn
dE

= 1
hv0

is density of states in 1D.

dJ =
e0ℏk
m0

(
|r′|2 + |t|2 − 1

) dn
dE

dE (3.29)

Now instead of unit incoming flux, incident flux of measure dn(̸= 1). As v0 =
ℏk
m0

Hence, dJ =
e0ℏk
m0

(
|r′|2 + |t|2 − 1

) 1

hv0
dE

=
e0
h

(
|r′|2 + |t|2 − 1

)
dE (3.30)

This current expression was also derived by Landauer [44]. In Eq.(3.30), e0ℏk
m0

−1
hv0
dE is

incoming current before scattering and e0ℏk
m0

|r′|2+|t|2
hv0

dE is current after scttering. At zero

temperature, dJ in Eq.(3.30) becomes equal to zero that shows Kirchhoff’s low. And

sign convention depends on individual’s choice. The normalisation constant for the wave

functions defined as [9] √
1

hv0
=

√
1

h · ℏk
m0

=

√
2πm0

h2k
(3.31)

Normalisation constant takes care itself about current carried states at a given energy

which is equal to 1D DOS at zero temperature. The Eq.(3.27) derived for sample current

at zero temperature which is equlibrium current. Now at finite temperature [2], a non-

equilibrium current can be obtained by taking the temperature on the left different from

that on the right

dJ =
e0
h
[fr(E)|r′|2 + fl(E)|t|2 − 1 · fr(E)] (3.32)

First term represents reflection of electrons coming from right lead and see the temper-

ature of right reservoir. Similarly, second term shows the transmission of electrons from

left lead, so see the temperature of left reservoir. In this equation, fr(E) and fl(E) are

the Fermi distribution functions for the electrons incident from right and left reservoirs.

Fermi distribution function is one at zero temperature. For non-equilibrium system cur-

rent flows in the sample so sample can have a resistance and that has calculated from

Landauer formula.
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µ, T
x = 0

x = l
J1

I

II

ψI = eikx + re−ikx

ψII = aeikx + be−ikx

Φ = 0

OR
Φ ̸= 0

Figure 3.3: A typical mesoscopic grand canonical system is shown. It consists of an open 1D ring pierced
by an Aharonov-Bohm (AB) flux Φ at the center of the ring. Potential is zero in the ring i.e., U(x) = 0.
An 1D thin solid line connects the ring to a reservoir and it is called lead. The lead and ring are shown
with region I and region II in the figure. We have taken potential U(x) in the lead to be zero as well.
Here, µ and T are the chemical potential and temperature of the reservoir, respectively. Lead connects
to the ring at junction J1 shown in figure.

3.3 Magnetisation of an open Aharonov-Bohm ring

To describe magnetisation of mesoscopic system, an 1D quantum ring [63] is considered in

figure 3.3. Mesoscopic samples are made up of semiconductors (GaAs-AlGaAs) or metals

etc. with one or multiple 1D channels which can be achieved by lateral confinement

potential [2] discussed in Chapter 5. The ring in figure 3.3 is not an isolated but connected

to an electron reservoir making it a grand canonical system or an open system. The single

reservoir in figure 3.3 have a chemical potential µ and temperature T shown by a wavy

line. The electrons in the reservoir are completely thermalized classical particles. With

one reservoir we cannot have a chemical potential difference or temperature difference

and hence this is a system in equilibrium. The sample (quantum ring) has quantum

states while the reservoir has electrons. The 1D thin line connecting the sample and the

reservoir is known as the lead. It can be made of the same material as the ring. The lead

allows the electrons from the reservoir to populate the states in the ring and also allow

the states from the ring to leak out to reservoir as electrons. Lead behaves like voltage

probe because net current in lead is zero. Total length of the lead and the circumference

of the ring is less than the single particle coherence length of the quantum mechanical

electrons at the temperatures at which mesoscopic experiments are conducted. So the

electron dynamics in the lead and in the ring is governed by quantum mechanics. The

single particle Schrödinger equation with an effective mass works very well for most of

these systems. So, we can write down a typical Fourier component of a wave packet,

which is also the solution of the 1D Schrödinger equation (as shown in figure 3.3) in

the lead and the ring and match them at the junction between the ring and the lead.

No wave function is written inside the reservoir and the wave function of an electron

coming from the reservoir is taken as a eikx where x represents the coordinate and k

the wave vector. The amplitude a is set to 1 as has been described in Eq.(3.22). This
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picture as envisaged by Landauer, therefore claims a sharp line of demarcation between

the quantum system of the lead and ring with the classical reservoir. While the axiomatic

approach presented in Section 3.2 and explicitly stated in Eq.(3.23) does not require such

a sharp line of demarcation. Axiomatic approaches lead to an objective theory, while

Landauer’s claim manifests. The sharp line of demarcation between a classical reservoir

and a quantum system results in a contact resistance of 12.9 kilo ohms per sub-band

that can be measured in multiple manifestations [2]. In this system the eigenstates of

the ring can leak out resulting in level broadening and life time related effects which very

accurately models dissipation and decoherence of realistic mesoscopic systems. It is this

broadening effect that is captured quantitatively by scattering theory while all approaches

starting from Hamiltonian try to parametrize this broadening in terms of a self energy.

The non-equilibrium Green’s function method discussed in the book [2] is very suited

to do this parametrization. However, many physical phenomenon may be overlooked

by this parametrization and it is the scattering problem solved quantum mechanically

that correctly incorporates evanescent modes and the presence of Fano resonances due to

bound states in the continuum. The two reservoirs in figure 3.2 (not shown) model the two

battery terminals that drive the current through the system. Voltage probes (mesoscopic

analogues of a voltmeter) and current probes (mesoscopic analogues of ammeters) also

effectively act as additional electron reservoirs. Each has its own chemical potential and

temperature and each can induce dephasing and decoherence [2]. It makes a lot of sense to

study mesoscopic systems coupled to an arbitrary number of reservoirs including one and

two and all of them correspond to some physical situation that is experimentally relevant.

At the temperatures at which mesoscopic experiments are done, the experiments are

mostly understood in terms of zero temperature calculations. So we will all along try to

understand the zero temperature limit that we get from quantum mechanics. Also many

body effects will not be considered in this thesis essentially. Many body effects have been

mostly studied through numerical techniques [64]. However, according to Eq.(3.23), we

cannot write down any cross terms in the leads, so we cannot write a Slater determinant

in the leads. But we can definitely write a Slater determinant in the sample (which in

this case is the ring). So electron-electron interactions will give a correlated environment

in the sample, with states in the leads being free electron states. [64] shows that the

main formalism discussed here, that of the Larmor clock, allows us to include many body

effects in such a situation.

We will now proceed to show that the system described in figure 3.3 will carry an

equilibrium current called persistent current [40] that does not require a power source. It

is a purely mesoscopic phenomenon and very ideal to get insights into mesoscopic physics

[41]. This current magnetises the ring and has been observed in rings made of gold or

semiconductors [65]. Details of the results can be seen in the 1985 paper by Buttiker
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[63]. Here we will provide an exact and hence easy to understand quantum mechanical

treatment of the problem as compared to the adhoc theoretical treatment in the original

paper by Buttiker. The reservoir injects electrons into the lead which is denoted as region

I in the figure. These electrons populate the states inside the ring which is denoted as

region II in the figure. The lead and the ring are connected at a point say J1. The

equation of motion in region I (or lead) and region II(or ring or system) is therefore the

Schrödinger equation and the wave functions in the two regions in absence of magnetic

field can be written as

ψI =
1√
k

(eikx + r e−ikx) (3.33)

ψII =
1
√
q

(a eiqx + b e−iqx) (3.34)

Where,

q =

[
2m0(E − U)

ℏ2

] 1
2

and k =

[
2m0

ℏ2
E

] 1
2

(3.35)

Here, k and q are wave vectors in region I with zero potential and region II with non-

zero potential, respectively. One can solve this problem either considering normalisation

constant or without normalisation constant. Here, normalisation constants are 1√
k
and 1√

q

which are consistent with the Eq.(3.31). The difference in the interpretation of incident

wave packet will be incident electron is eikx with considering normalisation constant. The

density of states (DOS) of the 1D lead will be 1
hv0

which is equal to DOS in the infinite

1D lead. Aharonov-Bohm (AB) flux Φ is applied at the centre of the ring. There is no

magnetic field on the electrons of quantum ring. AB phase α in Eq.(3.19) is incorporated

by applying boundary conditions in Eqs.(3.40) and (3.41) in the presence of magnetic

field which will be discussed in Section 3.4.

Current conservation boundary conditions

To derive current conserving boundary conditions, for an open system shown in figure

3.3, need time independent Schrödinger equation corresponding to (3.13). In Eq.(3.13),

U ′ is considered time independence i.e. U ′ = U , ψ′ also taken no time dependance i.e.

ψ′ = ψ and e0 = 1 for simplifying

− ℏ2

2m0

∇2 ψ(r⃗) + U(r⃗) ψ(r⃗) = E ψ(r⃗) (3.36)

Integrate with volume V0 around the point of junction over the both sides, we get

− ℏ2

2m0

∫
Vo

∇2ψ(r⃗)dVo +

∫
Vo

U(r⃗)ψ(r⃗)dVo =

∫
Vo

Eψ(r⃗)dVo (3.37)
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− ℏ2

2m0

∫
Vo

∇⃗ · (∇ψ(r⃗))dVo +
∫
Vo

U(r⃗)ψ(r⃗)dVo =

∫
Vo

Eψ(r⃗)dVo (3.38)

Suppose S is surface enclosing the volume Vo.

− ℏ2

2m0

lim
Vo→0

∫
S

(∇ψ(r⃗)) · dS⃗ + lim
Vo→0

∫
Vo

U(r⃗)ψ(r⃗)dVo = lim
Vo→0

∫
Vo

Eψ(r⃗)dVo

Vo shrinks to 0 ∫
S

(∇⃗ψ(r⃗)) · dS⃗ =0

For partial wave integration becomes sum,

∑
∇⃗ψ(r⃗) =

∑
i

dψi
dxi

= 0 (3.39)

This equation is current conservation boundary condition. Now apply the boundary

conditions at the junction of figure 3.3

ψI |x=0− = ψII |x=0+ = ψIII |x=l−
1√
k
(1 +R) =

1
√
q
(a+ be−iα) =

1
√
q
(aeiql+iα + be−iql) (3.40)

and Eq.(3.39) implies

dψI
dx

|x=0− +
dψII
dx

|x=0+ +
dψIII
dx

|x=l− = 0[
ik√
k
(1−R)

]
+

[
iq
√
q
(−a+ be−iα)

]
+

[
iq
√
q
(aeiql+Iα − be−iql)

]
= 0 (3.41)

Solving these two Eqs.(3.40) and (3.41), one can calculate the value of a, b and R. In

Eq.(3.41), the first square bracket shows the current at x = 0− denoted by dψI

dx
|x=0− .

x = 0− is a coordinate assigned in lead left to the junction J1. Second square bracket

shows the current at x = 0+. This coordinate is in the ring near junction when partial

waves move clockwise. Third square bracket shows the current at x = l− which is again

the coordinate in the ring near junction when partial waves move anti-clockwise. Magnetic

field comes into the role after applying boundary conditions. In the effect of magnetic

field Aharonov-Bohm flux Φ comes with the wave functions. Due to this flux a phase

known as Aharonov-Bohm phase α is introduced in the wave functions (see Eq.(3.19)).

Some terms acquire this phase factor and some of them do not that will be discussed in

Section 3.4. Current density for propagating states from Kirchhoff’s law will be zero at
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junction J1. From Eqs.(3.40) and (3.41)

J =
e0ℏ
2m0i

[
ψ∗
I∆ψI + ψ∗

II∆ψII + ψ∗
III∆ψIII − hc

]
= 0 (3.42)

Let’s say first three terms are j1 and Hermitian conjugate terms are j2 in Eq.(3.42). Thus,

J = j1 + j2 = 0 (3.43)

First, we write j1 without the factor e0ℏ
2m0i

that can be added later to the expression.

j1 =

[
(eikx +Re−ikx)∗

d

dx
(eikx +Re−ikx)

]
x=0−

− 1

q

[
(aeiqx + be−iqx−iα)∗

d

dx
(aeiqx + be−iqx−iα)

]
x=0+

+
1

q

[
(aeiqx+iα + be−iqx)∗

d

dx
(aeiqx+iα + be−iqx)

]
x=l−

hc (stands for Hermitian conjugate) or j2 only for region II can written as

i|a|2 − ia∗be−iα + ib∗aeiα − i|b|2 (3.44)

and − i|a|2 + iab∗eiα − iba∗e−iα + i|b|2 (3.45)

Difference between these two Eqs.(3.44) and (3.45) gives propagation current (Eq.(3.46))

J =
e0ℏ
2m0i

(
−2i|a|2 + 2i|b|2

)
J =

e0ℏ
m0

(
−|a|2 + |b|2

)
(3.46)

In the lead |R|2 = 1 that implies current is zero in the lead. Lead plays a role as voltage

probe. To Find the expression of current in region II we have to consider only second

square bracketd term. Sign convention just depends on your choice from Kirchhoff’s law

total current ia always zero. When Φ = 0, there is no current known as equilibrium

current. This equilibrium current called persistent current. Current expression is for

propagation current in Eq.(3.46). For case E < e0 U , evanescent current will be discussed

in Chapter 7 of this thesis. This 1D quantum ring gives us three prong potential shown

in figure 3.4. Applying boundary conditions at J1

1 + r = t

i k (1− r)− i k 2 t = 0
(3.47)

Thus, the reflection and transmission values at junction JI are t = −2
3

and, r = −1
3
.
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ψI = eikx + r e−ikx

ψ0+

II = t eikx

ψl
−
II = t eikx

J1

Figure 3.4: The junction J1 in figure 3.3 where the lead connects to the ring, in isolation. It is three
prong structure with reflection r = − 1

3 and transmission t = − 2
3 .

3.4 Inclusion of magnetic field: Feynman path ap-

proach

As we have discussed in Section 3.1 that a quantum particle in a finite-thickness ring

or disc can have many possible alternate classical trajectories to go from one point in

the system to another. A classical particle chooses one particular trajectory from them

which is determined by the least action principle. However, a quantum particle does not

do that and in fact there are several alternate physical pictures that different schools

have introduced. All these alternate pictures lead to the same final result. For example

the Copenhagen school says that the quantum particle propagates as a wave as long as

we leave it alone but as soon as we try to observe it, it tries to acquire particle like

behaviour. The Feynman path approach is an alternate picture to that by which we say

that the particle (not a wave) simultaneously go through all possible classical trajectories

weighted down by the action along these trajectories that give a phase term. So different

trajectories result in different phases and the amplitudes for different trajectories interfere

to give the same final result as the Copenhagen school. Even for the 1D system of figure

3.3, an infinite number of trajectories are possible. Below we will use this Feynman path

approach to justify the boundary conditions of Eqs.(3.40) and (3.41), which will also be

a simple demonstration of how the Feynman path approach is applied. This has been

briefly touched upon in [2] book on page 63, for the square well problem. Below we do it

for the Aharonov-Bohm (AB) ring of figure 3.3.

In Feynman path approach, the system 1D quantum ring is decoupled into smaller

parts or trajectories as would be necessary and explained below. These trajectories by

an electron is broken at x = 0+ and x = l− in figure 3.5. This method will help us

to determine the wave functions in different regions. Region I and region II are shown

similar to figure 3.3. Therefore the part depicted as region I is the three prong structure

shown in figure 3.4. The part depicted as region II is the ring like structure enclosing

the flux. This method provides a connection between canonical solutions (leading to

Eqs.(3.40) and (3.41)) in quantum mechanics and physical motion resulting in currents

through a sample. In the following we present a calculation of the wave function inside
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µ, T J1
I

II

t;x = 0+

t′;x = l−

t′

r

r′

Φ = 0

OR

Φ ̸= 0

Figure 3.5: Decomposition of the system in figure 3.3 into a three prong structure (depicted as region I)
of figure 3.4 and a ring (depicted as region II). t and r are the transmission and reflection amplitudes
of figure 3.4 which means t = 2

3 and r = − 1
3 . t

′ is related to t and r′ is related to r in Eq.(3.60). Usually
time reversal symmetry implies t′ = t.

the ring at x = 0+ and x = l−, using the Feynman path approach. This will also justify

the way in which the AB phase enter the boundary conditions expressed in Eqs.(3.40)

and (3.41). The twist is that one has to sum the amplitudes for all possible classical

trajectories (weighted by their classical action) starting at the near end of the lead (x =

0−) and ending at the point of interest where we intend to find the wave function (x =

0+ or x = l−) inside the ring. To systematically include all possible trajectories, we find a

way to classify the trajectories and that can be done by the number of reflections involved

and described in detail below as zero reflection terms, first reflection terms etc.

Calculation of waveunction at x = 0+:

a. Zeroth reflection term are written below and every term can be explained with

trajectory in figure 3.6.

ψtto (0
+) = t eiql+iα t′ + t eiql+iα t′ eiql+iα t′ + ... =

t

1− t′ eiql+iα
(3.48)

In above equation superscript tt represents for “through top”, subscript 0 represents

“zero reflection term” and 0+ in parenthesis denotes the coordinate where we intend to

evaluate the wave function.

b. First reflection term: It can be explained corresponding to figure 3.7

ψtt1 (0
+) = t eiql+iα r′ eiql−iα + t eiql+iα r′ eiql−iα t′ eiql−iα + ... =

t r′ e2iql

1− t′ eiql−iα
(3.49)

c. Second reflection term: It can be explained corresponding to figure 3.8

ψtt2 (0
+) = t eiql+iα r′ eiql−iα r + t eiql+iα r′ eiql−iα r eiql+iα t′ + ... =

t r r′ e2iql

1− t′ eiql+iα
(3.50)
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Figure 3.6: The “First term” and the “Second term” are not drawn but can be figured out from the third
term which is drawn explicitly. The third term correspond to a Feynman trajectory where an electron
comes from the reservoir and at the junction it is transmitted up to the position of the small circle. It
then makes a full circle along the ring to reach the position of the small rectangle. And then it continues
to make another full circle in the ring to get to the position where the arrow head points. As per the
coordinate choice depicted in figure 3.5 this position is x = 0+. The first term will be the situation if
this third term is truncated at the small circle. The second term will be the situation when this third
term is truncated at the small rectangle. The first term will give the first term in the series leading to
Eq.(3.48). The second term will give the second term in the series in Eq.(3.48). The third term will
give the third term in the series in Eq.(3.48). For example, getting to the small circle will involve a
transmission amplitude of t = 2

3 (first term in Eq.(3.48)). And then make a full circle propagation with
appropriate action require us to multiply a factor eiql+iα and another factor of t′ (which may or may
not be the same as t as will be discussed subsequently) to get to the small rectangle (second term in
Eq.(3.48)). And finally to get to the point x = 0+ at the end of the arrow require another factor of
eiql+iαt′ (third term). None of the terms in Eq.(3.48) depend on r or r′ and so all the terms are classified
as zero reflection terms.

Figure 3.7: One should be able to understand this figure by reading the caption of figure 3.6 and extend
the logic. It depicts the Feynman paths leading to the series in Eq.(3.49).

d. Third reflection term (self explanatory from earlier discussion)

ψtt3 (0
+) = t eiql+iα r′ eiql−iα r eiql+iα r′ eiql−iα + t eiql+iα r′ eiql−iα r eiql+iα t′ eiql−iα + ...

=
t r′2 r e4iql

1− t′ eiql−iα
(3.51)

Here, we have evaluated only four terms to reveal that after summation they form two

Figure 3.8: It depicts the Feynman paths leading to the series in Eq.(3.50)

geometric series. The even reflection terms and odd reflection terms form two different
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series. So contribution to the wavefunction inside the ring at the point x = 0+ coming

from these diagrams in figures 3.6, 3.7, 3.8 etc., will be the sum of the RHS of Eqs.(3.48),

(3.49), (3.50) and (3.51).

ψtt(0+) =

[
ψtt0 (0

+) + ψtt2 (0
+) + ...

]
+

[
ψtt1 (0

+) + ψtt3 (0
+) + ...

]
ψtt(0+) =

[
t

1− t′ eiql+iα
(1 + r r′ e2iql + ...) +

t r′ e2iql

1− t′ eiql−iα
(1 + r′ r e2iql + ...)

]
ψtt(0+) =

[
t

1− t′ eiql+iα
1

1− r′ r e2iql
+

t r′ e2iql

1− t′ eiql−iα
1

1− r r′ e2iql

]
(3.52)

For the wavefunction at x = 0+, we can get a different Feynman paths and the difference

can be seen by comparings Eqs.(3.48) and (3.53).

g. Zeroth reflection term

ψtb0 (0
+) = t′ eiql−iα + t′ eiql−iα t′ eiql−iα + ... =

t′ eiql−iα

1− t′ eiql−iα
(3.53)

Here tb shows for ”through bottom”.

Figure 3.9: It depicts the Feynman paths leading to the series in Eq.(3.53)

h. First reflection term

ψtb1 (0
+) = t′ eiql−iα r + t′ eiql−iα r eiql+iα t′ + ... =

t′ r eiql−iα

1− t′ eiql+iα
(3.54)

Figure 3.10: It depicts the Feynman paths leading to the series in Eq.(3.54).

i. Second reflection term

ψtb2 (0
+) = t′ eiql−iα r eiql+iα r′ eiql−iα + ...t′ eiql−iα + ... =

t′ r r′ e3iql−iα

1− t′ eiqliα
(3.55)
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j. Third reflection term

ψtb3 (0
+) = t′ eiql−iα r eiql+iα r′ eiql−iα r + ...eiql+iα t′ + ... =

t′ r2 r′ e3iql−iα

1− t′ eiql+iα
(3.56)

Again from Eqs.(3.53), (3.54), (3.55), and (3.56) give the contribution to the wavefunction

inside the ring at the point x = 0+ coming from these diagrams will again form two

geometric series,

ψtb(0+) =

[
ψtb0 (0

+) + ψtb2 (0
+) + ...

]
+

[
ψtb1 (0

+) + ψtb3 (0
+) + ...

]
ψtb(0+) =

[
t′ eiql−iα

1− t′ eiql−iα
(1 + r r′ e2iql + ...) +

t′ r eiql−iα

1− t′ eiql+iα
(1 + r′ r e2iql + ...)

]
ψtb(0+) =

[
t′ eiql−iα

1− t′ eiql−iα
1

1− r′ r e2iql
+

t′ r eiql−iα

1− t′ eiql+iα
1

1− r r′ e2iql

]
(3.57)

Net wavefunction at x = 0+ in figure 3.5 from Eqs.(3.52) and (3.57)

ψ(0+) =
[
ψtt(0+)

]
+
[
ψtb(0+)

]
ψ(0+) =

[
t

1− t′ eiql+iα
1

1− r r′ e2iql
+

t r′ e2iql

1− t′ eiql−iα
1

1− r r′ e2iql

]
+

[
t′ eiql−iα

1− t′ eiql−iα
1

1− r r′ e2iql
+

t′ r eiql−iα

1− t′ eiql+iα
1

1− r r′ e2iql

]
ψ(0+) =

[
t

1− r r′ e2iql

(
1

1− t′ eiql+iα
+

r′

1− t′ eiql+iα

)]
+

[
t′ eiql−iα

1− r r′ e2iql

(
1

1− t′ eiql−iα
+

r

1− t′ eiql+iα

)]
It is the form of a+ be−iα, where

a =
t

1− r r′ e2iql

[
1

1− t′ eiql+iα
+

r′ e2iql

1− t′ eiql−iα

]
(3.58)

b =
t′ eiql

1− r r′ e2iql

[
1

1− t′ eiql−iα
+

r

1− t′ eiql+iα

]
(3.59)

Note that

r′e2iql = r (3.60)

this relation shows a relationship between r′ and r. That means how r varies in presence

of flux and if flux is zero r′e2iql will be equal to r. In absence of flux there is no current

and in presence of flux, flux breaks the symmetry between a and b to give rise to current

in the ring which magnetises the ring. This current is called purely equilibrium current
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described earlier, also known as perpetual current. This current is produced due to

interference effect and Aharonov-Bohm effect. This current has no need to driven any

classical force.

Calculation of wavefunction at x = l−: There is another set of diagrams for the

wavefunction at x = l−.

a. Zeroth reflection term

ψtb0 (l
−) = t′ + t′eiql−iαt′ + t′eiql−iαt′eiql−iαt′ + ... =

t′

1− t′eiql−iα
(3.61)

b. First reflection term

Figure 3.11: It depicts the Feynman paths leading to the series in Eq.(3.61).

ψtb1 (l
−) = t′ eiql−iα r eiql+iα + t′ eiql−iα r eiql+iα t′ eiql+iα + ... =

t′ r e2iql

1− t′ eiql+iα
(3.62)

c. Second reflection term

Figure 3.12: It depicts the Feynman paths leading to the series in Eq.(3.62).

ψtb2 (l
−) = t′ eiql−iα r eiql+iα r′ + t′ eiql−iα r eiql+iα r′ eiql−iα t′ + ... =

t′ r r′ e2iql

1− t′ eiql−iα
(3.63)

d. Third reflection term

ψtb3 (l
−) = t′ eiql−iα r eiql+iα r′ eiql−iα r eiql+iα + t′ eiql+iα + ... =

t′ r2 r′ e4iql

1− t′ eiql+iα
(3.64)

From Eqs.(3.61), (3.62), (3.63), and (3.64) give the contribution to the wavefunction

inside the ring at the point x = l− coming from these diagrams will again form two



3.4. INCLUSION OF MAGNETIC FIELD: FEYNMAN PATH APPROACH 47

Figure 3.13: It depicts the Feynman paths leading to the series in Eq.(3.13).

geometric series to give,

ψtb(l−) =

[
ψtb0 (l

−) + ψtb2 (l
−) + ...

]
+

[
ψtb1 (l

−) + ψtb3 (l
−) + ...

]
ψtb(l−) =

[
t′

1− t′ eiql−iα
(1 + r r′ e2iql + ...) +

t′ r e2iql

1− t′ eiql+iα
(1 + r′ r e2iql + ...)

]
ψtb(l−) =

[
t′

1− t′ eiql−iα
1

1− r′ r e2iql
+

t′ r e2iql

1− t′ eiql+iα
1

1− r r′ e2iql

]
(3.65)

a. Zeroth reflection term

ψtt0 (l
−) = t eiql+iα + t eiql+iαt′ eiql+iα + ... =

t eiql+iα

1− t′ eiql+iα
(3.66)

b. First reflection term

ψtt1 (l
−) = t eiql+iα r′ + t eiql+iα r′ eiql−iα t′ + ... =

t r′ eiql+iα

1− t′ eiql−iα
(3.67)

c. Second reflection term

Figure 3.14: It depicts the Feynman paths leading to the series in Eq.(3.67).

ψtt2 (l
−) = t eiql+iα r′ eiql−iα r eiql+iα + t eiql+iα r′ eiql−iα r eiql+iα t′ eiql+iα + ...

=
t′ r r′ e3iql+iα

1− t′ eiql+iα
(3.68)
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d. Third reflection term

ψtt3 (l
−) = t eiql+iα r′ eiql−iα r eiql+iα r′ + ...eiql−iα t′ + ... =

t r r′2 e3iql+iα

1− t′ eiql−iα
(3.69)

From Eqs.(3.66), (3.67), (3.68), and (3.69) give the contribution to the wavefunction

inside the ring at the point x = l− coming from these diagrams will again form two

geometric series to give,

ψtt(l−) =

[
ψtt0 (l

−) + ψtt2 (l
−) + ...

]
+

[
ψtt1 (l

−) + ψtt3 (l
−) + ...

]
ψtt(l−) =

[
t eiql+iα

1− t′ eiql+iα
(1 + r r′ e2iql + ...) +

t r′ eiql+iα

1− t′ eiql−iα
(1 + r′ r e2iql + ...)

]
ψtt(l−) =

[
t eiql+iα

1− t′ eiql+iα
1

1− r′ r e2iql
+

t r′ eiql+iα

1− t′ eiql−iα
1

1− r r′ e2iql

]
(3.70)

Net wavefunction at x = l− in figure 3.5 from Eqs.(3.65) and (3.70)

ψ(l−) =
[
ψtb(l−)

]
+
[
ψtt(l−)

]
ψ(l−) =

[
t′

1− t′ eiql−iα
1

1− r r′ e2iql
+

t′ r e2iql

1− t′ eiql+iα
1

1− r r′ e2iql

]
+

[
t eiql+iα

1− t′ eiql+iα
1

1− r r′ e2iql
+

t r′ eiql+iα

1− t′ eiql−iα
1

1− r r′ e2iql

]
ψ(l−) =

[
t eiql+iα

1− r r′ e2iql

(
1

1− t′ eiql+iα
+

r′

1− t′ eiql−iα

)]
+

[
t′

1− r r′ e2iql

(
1

1− t′ eiql−iα
+

r e2iql

1− t′ eiql+iα

)]
It is the form of aeiql+iα + be−iql where,

a =
t

1− r r′ e2iql

[
1

1− t′ eiql+iα
+

r′

1− t′ eiql−iα

]
(3.71)

b =
t′ eiql

1− r r′ e2iql

[
1

1− t′ eiql−iα
+

r e2iql

1− t′ eiql+iα

]
(3.72)

Note that

r′ = r e2iql (3.73)

again with substituting this expressions for a and b become the same in absence of

magnetic field. Also notice that it will give same current as that from Eqs.(3.71) and

(3.72) at x = 0+.
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3.5 1.6 Scattering phase shift and DOS

Note that in figure 3.2 the coordinate in the right lead is taken as x′ with the x′ = 0 point

depicted in the figure. x = 0 point is also depicted. One can write the wave function on

the right as

ψ(x ≥ l) = teik(x−l) = te−ikleikx = t′eikx (3.74)

In this picture in absence of potential t′ = 1, as the wave-function at x = l should be

eikl. So the entity t = eikl in absence of scatterer. So in the absence of the potential, the

phase of t i.e., θt will be

θt = kl

Therefore, its derivative with respect to incident energy E will be

dθt
dE

=
dθt
dk

dk

dE
=
d(kl)

dk

1
dE
dk

= l
1

d
dk

ℏ2k2
2m0

=
2m0l

ℏ2
1

2k
=
m0l

ℏ2k
=

2πl

h

1
ℏk
m0

= 2πl
1

hv

The factor 2 comes because when we write the dispersion relation as E = ℏ2k2
2m0

then both

±k states are taken into account. Therefore,

dθt
dE

= πρ0 (3.75)

where ρ0 =
1
hv0

per unit length is 1D DOS in absence of scatterer. Up to this the potential

U is zero. We can either call t′ to be the scattering amplitude or call t to be the scattering

amplitude. In the first picture the scattering phase shift is the phase of t′ and it is zero

while in the second picture the scattering phase shift is the phase of t which is θt = kl.

Difference between t′ and t is just a shift of origin.

In presence of a potential U ̸= 0 again depending on where we fix the origin, we may

work with t or with t′. In presence of scatterer one can show (see Chapter 4)

dθt
dE

≈ πρ (3.76)

As is evident from Eq.(3.74) that

θt′ = θt − kl (3.77)

This implies from Eqs.(3.75) and (3.76)

dθt′

dE
≈ π(ρ− ρ0) (3.78)

We will work with teik(x−l) or teikx
′
means x′ is a new coordinate system that is 0 at

x = l. It is just a change of variable but it makes keeping track of phase changes with
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respect to the initial phase easier. In fact if the system has many such constituent parts

joined by junctions, then it is suitable to assign a new origin for each region. However,

the reflection and transmission at the different junctions in the Feynman path approach

has to be appropriately corrected for the necessary phase factor required. For example in

figure 3.4 t is transmission amplitude of the three prong potential and r is the reflection

amplitude. A simple calculation shows t = 2/3 and r = −1/3. This is the special case for

the system solved in detail in Chapter 5. However, when the reflection occurs at x = l

then the reflection amplitude should be written as r′ and it is related to r as follows.

⟨re−ik0− | |eik0−⟩ = ⟨r′e−ikl−| |eikl−⟩ (3.79)

This explains the substitution used in Eq.(3.60). r′ is the reflection amplitude at x = l

while r is the reflection amplitude at x = 0. By symmetry, the amplitude of r and r′ will

be the same and equal to −1
3
but their phases will differ. This can be further understood

by comparing figures 3.5 and 3.6. For the same reason Eqs.(3.71) and (3.72) is explained

since only anticlockwise moving −k states are reflected at x = 0.

This chapter gives us an elementary introduction to open mesoscopic systems. A

clear interpretation on mesoscopic systems is explored, including the Aharonov-Bohm

effect, electron wavefunction in both absence and presence of magnetic field, current

expressions, Landauer formalisms, and how to incorporate the Aharonov-Bohm flux in

presence of magnetic field.



CHAPTER 4

LARMOR CLOCK AND HIERARCHY OF

DENSITY OF STATES

In this chapter, we present a systematic derivation of Friedel Sum Rule (FSR) for meso-

scopic systems [9, 10, 36] which is quite different from that used in condensed matter

physics [66] in the sense that it consists of a hierarchy of formulas rather than a single

formula. FSR like formulas are extensively used in condensed matter systems that are

usually semi-classical. It eventually leads to a similar relation between density of states

(DOS) and scattering phase shifts, but with important correction terms to the formula

presented in condensed matter textbooks [66]. These formulas form the basic founda-

tion for understanding mesoscopic systems [9, 67]. In Chapters 5, 6 and 7, we will show

that the phase lapses discussed in [9, 15] further complicates the hierarchy of formulas,

in fact in a beneficial manner. One can also give a proper interpretation of Landauer’s

phenomenology from Larmor clock theory which is consistent physically and theoretically.

In Section 4.1, we derive the Larmor precession time from Larmor clock theory. In

Section 4.2, we classify objects of hierarchy of density of states (DOS) in detail. We will

further elaborate these local objects of hierarchy in the next subsequent chapters with

respect to the phase lapses [9, 27, 29].

4.1 Larmor precession time

In this section, we present a systematic derivation of the density of states (DOS) hierarchy

based on the classical concept of Larmor precession. It is an elaboration of the proof

presented by M. Buttiker [8]. Suppose there is an arbitrary potential U(y) in figure 4.1.

A quantum particle with unit charge is propagating in y-direction. The way we are going

51
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to derive the objects of hierarchy, it can be considered as a scattering problem as figure 3.2

since potential U(y) is zero at infinite or asymptotically i.e., |y| → ∞ or U(y) = 0. The

particle stationary beam has a spin polarised in the x-direction shown by dashed arrow in

the figure 4.1. The incident stationary beam consists of an ensemble of particles. There

is no net spin in y-direction and z-direction. This quantum ensemble (or wave packet)

is different from mesoscopic grand canonical ensemble in the sense that even at zero

temperature quantum ensemble can have fluctuations. The scattering matrix element,

in the absence of the magnetic field B⃗, is given by sαβ(E,U(y)) for spin up as well as

spin down particles is a function of energy and functional of potential. Here, α and β

are incoming and outgoing indices for asymptotic modes. Suppose there is a small non-

uniform magnetic field B(y) applied in the z-direction in the region where the potential

U(y) is non-zero, shown in figure 4.1. The presence of this small non-uniform magnetic

field B(y) induces spin dynamics. We are interested in the spin dynamics due to this small

non-uniform magnetic field B(y) which means U(y) may well be an electrostatic potential

but the magnetic field will add an infinitesimal potential on the spin that is attached to

an electron charge. The electronic charge will feel the potential given by the dotted line

in figure 4.1 while a spin attached to the charge will feel a potential that is given by the

difference between the solid line and dotted line in figure 4.1 (in 1D v⃗ × B⃗ = 0, beside v⃗

which is always in units of the velocity of light is extremely small and so is B⃗ which is

an infinitesimal perturbation wherein higher order terms will be ignored). The magnetic

field however creates a potential δU(y) on the spin. Conventionally speaking, a rotating

charge in a magnetic field creates a magnetic moment µ⃗ = e0
2m0

L⃗. This is true classically

as well as quantum mechanically as the ℏ factor comes from the quantum mechanical

calculation of L̂. This L̂ is orbital angular momentum operator while L⃗ is orbital angular

momentum. We may use this analogy to say that associated with the spin of an electron

there is a magnetic moment operator µ̂ = e0
2m0

Ŝz. However, that is not rigorously true and

it need two corrections that have completely different origins, and yet they almost cancel

each other. The first correction is that L̂ is quantised in units of ℏ while Ŝz is in units of
ℏ
2
. Conventionally, we say when magnetic field is applied, magnetic moments experience

a torque because of which they precess about the magnetic field but this is not at all

necessary for the analysis to follow. This statement is generally made to draw an analogy

between a precessing top and a precessing magnetic moment. If one wants to think of

gravity as a force F⃗ then one tends to say that there is a torque given τ⃗ = r⃗ × F⃗ which

makes the top precess but note that this is just an alternate way of thinking because after

all gravity is not a force while electromagnetic interaction is a force. A spinning top on

earth is equivalent to a spinning top in an accelerated reference frame and so the angle of

precession has to comply with transformation properties of angles. Electric and magnetic

fields too has to satisfy similar transformation properties but trying to draw such parallels
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y
U(y)

U(y) + δU(y)

dy′
|↔|

dU(y′)

B(y)

e− spin y = 0y = y′

y

z

x

Figure 4.1: A schematic figure of an arbitrary scattering potential U(y) with dotted line is shown. Thick
solid line represents potential U(y) + δU(y) where δU(y) is a very small functional change in potential
U(y) due to a magnetic field in the z-direction. The dashed arrow represents incident particle beam spin
polarised in x-direction. The magnetic field B(y) is non-uniform (shown by arrows) in the y-direction. A
differential change in potential dU(y′) at y = y′ is shown by the shaded square block between the dotted
and solid lines. The area of this block dU(y′)dy′ is therefore an integration measure. The axis directions
and origin marked y = 0 are shown in the figure. As usual the region to the left of the potential is the
left lead that can be labelled β and that to the right can be labelled α. So the incident particle or spin
is coming from β and going towards α.

is not productive now. To analyse the problem quantum mechanically, we can discuss

everything in an absolute stationary frame of reference as we will get stationary states

as shown below. This is like quantum mechanically calculating the radius of a hydrogen

atom where we do not discuss any boosted or accelerated reference frame.

Energy of a magnetic moment in a constant magnetic field B⃗ is δU = −µ⃗·B⃗. Typically,

the terms “total spin operator” and “z-component of the spin operator” refer to the

operators Ŝ and Ŝz, respectively. In quantum physics, the total spin operator Ŝ represents

the total angular momentum associated with a particle’s spin. The z-component of the

spin operator Ŝz explicitly projects the spin angular momentum along the z-axis. We

know that Ŝ and Ŝz have simultaneous eigenfunctions. Hence Ĥs = −µ̂ ·B = −gγe0
2m0

Ŝz ·B,

where Hs is the Hamiltonian of a quantum spin and gγ is the gyromagnetic ratio, which is

2 for spin. Eigenfunction of the Hamiltonian of quantum spin will be spin half in positive

z-direction denoted as |+⟩ will have an eigenvalue Eu = −gγe0B

2m0

ℏ
2
. Similarly, there will be

an eigenfunction |−⟩ with an eigenvalue Ed =
gγe0B

2m0

ℏ
2
. Therefore, the separation between

the two eigenvalues can be written as ℏω = Ed − Eu = e0B
m0

ℏ or in other words ω = e0B
m0

.

Hence, in this eigenbasis, one can write Ĥs = ωŜz = ωLŜz. Where, ωL is the classical

Larmor frequency in analogy with a precessing angular momentum. We have seen that

in going from classical angular momentum to angular momentum operator in quantum

mechanics, we can just take that the eigenvalues of the angular momentum operator is

quantised in units of ℏ. While for spin angular momentum there will be a gγ
ℏ
2
= ℏ. Thus,

the time evolution operator is e−
igHst

ℏ = e−
iωLŜzt

ℏ . Now, the eigenfunctions |+⟩ and |−⟩
can be used as a basis to write down an arbitrary spin state. So if we start with a spin
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state written as a linear combination at t = 0

ψ(t = 0) =
1√
2
|+⟩+ 1√

2
|−⟩ (4.1)

and after time t

ψ(t ̸= 0) =
1√
2
e−i

ωL
2
t|+⟩+ 1√

2
ei

ωL
2
t|−⟩ (4.2)

The expectation value of ⟨Ŝx⟩ can be computed as

〈
Ŝx
〉
=

(
1√
2
e

iωLt

2 ⟨+|+ 1√
2
e

−iωLt

2 ⟨−|
)
Ŝx

(
1√
2
e

−iωLt

2 |+⟩+ 1√
2
e

iωLt

2 |−⟩
)

(4.3)

where, Ŝx = ℏ
2
σ̂x = ℏ

2

(
0 1

1 0

)
and after using the properties σ̂x|+⟩ = |−⟩; σ̂x|−⟩ = |+⟩,

we get

〈
Ŝx
〉
=

ℏ
2

〈
σ̂x
〉
=

ℏ
2
cos(ωLt) (4.4)

Similarly, the expectation value Ŝy can also computed, where, Ŝy = ℏ
2
σ̂y = ℏ

2

(
0 −i
i 0

)
and again after using the properties σ̂y|+⟩ = i|−⟩; σ̂y|−⟩ = −i|+⟩, we get

〈
Ŝy
〉
=

ℏ
2

〈
σ̂y
〉
=

ℏ
2
sin(ωLt) (4.5)

Thus, we get stationary oscillations with frequency ωL which we call Larmor frequency.

Note that while for a rotating top the precession angle increases continuously, the quan-

tum problem yields stationary state solutions. So a y dependent magnetic field is taken to

subject the spin to a classical force in the y-direction given by − δ
δy
(µ ·B(y)) = − δ

δy
δU(y)

and expect that in the y-direction the spin will change with time. Thus, the scattering

matrix element can be expanded in the presence of small magnetic field

s±αβ(E,U(y)∓ δU(y)) = sαβ(E,U(y))∓
∫
dy′

δsαβ(E,U(y
′))

δU(y′)
δU(y′) + ... (4.6)

sαβ(E,U(y′))

δU(y′)
is a functional derivative. This is a general situation which in a special case

for a differential change in potential at the fixed point y = y′ can be written as

s±αβ(E,U(y
′)∓ dU(y′)) = sαβ(E,U(y

′))∓
[
dsαβ(E,U(y

′))

dU(y′)

]
dU(y′)dy′ + ... (4.7)

The asymptotic states is a natural choice for the basis states of a scattering problem

which in this case is a spinor. The basis spinor which we use to calculate the precession
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angle of transmitted particles is given by

|ψ2⟩ =

[
ψ+
2

ψ−
2

]
=

1√
|s+21|2 + |s−21|2

[
s+21

s−21

]
(4.8)

Incoming index is β = 1 and outgoing index is α = 2. Likewise, β = 1 and α = 1 can

be used to do the same analysis for reflected particles while β = 2 will correspond to

particles incident from the right. Here, |ψ2⟩ is transmitted wave vector, ψ+
2 is the spin

up component and ψ−
2 is the spin down component in transmitted channel 2. Here, s+αβ

and s−αβ are the scattering matrix for spin up and spin down particles. For the scattering

defined in figure 4.1, the expectation value of the y-component of spin in the transmitted

channel is,

⟨Ŝy⟩2 = ⟨ψ2|
ℏ
2
σ̂y |ψ2⟩ (4.9)

here, σ̂y is y-component of Pauli matrices. The suffix 2 implies that we are taking

transmitted channel.

⟨Ŝy⟩2 =
ℏ
2

1

|s+21|2 + |s−21|2

[
s+∗
21

s−∗
21

][
0 −i
i 0

][
s+21

s−21

]

=
ℏ
2

1

|s+21|2 + |s−21|2

(
− is+∗

21 s
−
21 + is−∗

21 s
+
21

)
=

−iℏ
2

1

|s+21|2 + |s−21|2

(
s+∗
21 s

−
21 − s−∗

21 s
+
21

)
Using the expansion of s±21 from Eq.(4.6), we get

⟨Ŝy⟩2 =
−iℏ

2(|s+21|2 + |s−21|2)

[(
s∗21 −

∫
dy′

δs∗21
δU(y′)

δU(y′)

)(
s21 +

∫
dy′

δs21
δU(y′)

δU(y′)

)]
+

−iℏ
2(|s+21|2 + |s−21|2)

[(
s∗21 +

∫
dy′

δs∗21
δU(y′)

δU(y′)

)(
s21 −

∫
dy′

δs21
δU(y′)

δU(y′)

)]
+ ...

Multiplying and retaining the terms up to first order in δU(y′), one gets

⟨Ŝy⟩2 =
−iℏ
2T

[ ∫
dy′s∗21

δs21
δU(y′)

δU(y′)− hc

]
=
−iℏ
2T

[ ∫
dy′
(
s∗21

δs21
δU(y′)

− hc

)
δU(y′)

]
here, 2T = |s+21|2 + |s−21|2 and hc is for Hermitian conjugate. Consider that the magnetic

field is constant in a small interval [y, y + dy] and takes there the value B. δU(y) is the

perturbation in potential due to the presence of magnetic field, hence δU(y) vanishes

everywhere except in the interval [y, y + dy], where it takes the value dU = ℏωL

2
. The

potential is reduced by ℏωL

2
for spin up particles and increases by ℏωL

2
for spin down

particles that leads to the time evolution of a state we get in Eq.(4.2). Therefore, in this
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interval, we can drop the integral and then the y-component of spin is given by,

⟨Ŝy⟩2 =
−iℏ
2T

[
dy′
(
s∗21

δs21
δU(y′)

− hc

)
−ℏωL
2

]
(4.10)

Therefore, at point y′ it is given by

⟨Ŝy⟩2 =
−iℏ
2T

[(
s∗21

δs21
δU(y)

− hc

)
−ℏωL
2

]
(4.11)

For unit spin, the y-component developed is given by,

⟨Ŝy⟩2 ≡
⟨sy21⟩

ℏ
2

=
iℏ
2T

[(
s∗21

δs21
δU(y)

− hc

)
ωL

]
(4.12)

The y-component of unit spin is equivalent to angle of precession of the particles. Dividing

this quantity, ⟨Ŝy⟩2, by Larmor frequency ωL, will give a time which is called Larmor

precession time (LPT) that will be given by,

τ y21(y
′, E) =

iℏ
2T

[(
s∗21

δs21
δU(y)

− hc

)]
=

−h
4πiT

[(
s∗21

δs21
δU(y)

− hc

)]
(4.13)

We are dividing a quantity calculated purely from quantum mechanics by the classical

Larmor frequency ωL. This is similar to Landau level eigenenergy divided by ℏ giving

cyclotron frequency ωc =
e0B
m0

. In Chapters 5 and 6, a view has been presented that this is

not an approximation but a consequence of the fact that the scattering matrix elements in

quantum mechanics are analytic complex quantities that have to satisfy deeper principles

of analyticity. The same calculations can be done for quasi-one dimension (Q-1D), that

will be described in details in Chapter 5. To get the time spent by an particle going from

β to α at the point r within the scattering region as given by

ταβ(E, r) =
−h

4πi|sαβ(E)|2
Tr

(
sαβ(E)

† δsαβ(E)

δU(r)
− sαβ(E)

sαβ(E)
†

δU(r)

)
(4.14)

Tr is trace which represents summation over incident and outgoing transverse channel

indices which are generally momentum indices while α and β are spatial indices corre-

sponding to the spatial positions where the leads attach to the sample. Which means

we should always follow different notations for indexing spatial channels (incoming and

outgoing) and momentum channels (incoming or outgoing). We only require scattering

matrix elements and its complex conjugation and no †. From now on position vector will

be denoted as r. From Larmor precession time, a hierarchy of density of states (DOS) is

introduced in [8], discussed pedagogically in [9, 10], and below.
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Figure 4.2: This is a schematic picture of a mesoscopic system. The mesoscopic sample is represented
by shaded area, attached with several leads shown by α, β, γ and δ etc. indices. The reservoirs are kept
at arbitrary value of chemical potentials which can be shown by µα, µβ , µγ and µδ etc., respectively at
zero temperature. The lead β is special lead, it is an scanning tunneling microscope (STM) tip. Lead β
draws the current from the sample (or remote point r) and delivers the current to the sample (or remote
point r). Rest of the leads are fixed. At zero temperature, the value of chemical potenial of each lead
can set to be any.

4.2 Hierarchy of mesoscopic formulas

So far dU was of the dimension of µ⃗ · B⃗, a time ταβ(E, r) which gives the time spent by

an electron of incident energy E going from lead β to lead α through the point r of the

potential shown by the dotted line in figure 4.1. The vanishingly small dU can be due to

an electrostatic potential as well, and to be dimensionally correct e0 dU . By engaging the

physical processes like Larmor clock and Larmor frequency will see the lowest object of

the hierarchy i.e. Larmor Precession Time (LPT or τlpt). We now change the notation,

according to figure 4.2, in order to discuss a hierarchy of relations between scattering

phase shifts and DOS to write Larmor precession time of Eq.(4.13) [8, 9]

τlpt(E,α, r, γ) = − h

4πi|sαγ(E)|2

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
= − h

2π

[
δθsαγ

e0δU(r)

]
(4.15)

where sαγ = |sαγ|eiθαγ , s∗αγ = |s∗αγ|e−iθαγ and δsαγ = |sαγ|eiθαγδθαγ, substitute all these

values in Eq.(4.15). One can get LPT in terms of scattering phase shift θsαγ . Similarly,

rest of the objects of the hierarchy can be evaluated in terms of scattering phase shift

θsαγ . The ordering of the arguments on the LHS is important as sαγ is a matrix element.

The LHS, in Eq.(4.15), τlpt represents the time which is spent by an electron at the

remote point r, when electron goes from one lead index γ to the other lead index α

which is like local version of quantum mechanism. Thus, all three indices γ, r, and α are

spatial indices and their ordering is important in all the subsequent formulas we discuss.

In the arguments of τlpt, E is the incident energy of the electron which is equal to the

Fermi energy of the respective reservoir. All electrons of an ensemble which incident from

lead γ can not pass through the point r, only a fraction of those electrons pass through

the point r to α. Fraction of these number of electrons is given by |sαγ|2 which is the
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scattering probability of scattered electrons. The fraction δsαγ

e0δU(r)
is a functional derivative

of scattering matrix element sαγ with respect to the local potential U(r) at the point r

inside the sample, and e0 is the charge of an electron. Since time spent in a propagation

is related to states accessed in the process, both being related to the imaginary part of

the Green’s function [66] one gets a local partial density of states (LPDOS) or ρlpd defined

as |sαγ(E)|2
h

τlpt.

ρlpd(E,α, r, γ) = − 1

4πi

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
= − 1

2π

[
|sαγ|2

δθsαγ

e0δU(r)

]
(4.16)

The electrons that are involved in going from γ to α are |sαγ(E)|2 in number and these

being indistinguishable the factor |sαγ(E)|2 in going from Eq.(4.15) to Eq.(4.16) is just an

averaging over individual electrons. In Eq.(4.16), first, we will see that without the lead

indices we do not have any formula of the hierarchy. Second, ρlpd shows those number

of states which are acquired by the electrons which are propagating from lead γ to α

through the point r. So, ρlpd gives us a count or number (real), now we are claiming

this number can be negative [9, 10, 34]. At zero temperature, fermions occupy one state

each and for non-interacting fermions doubling the input flux in γ will double the output

flux in α as long as we are not in the limit of a completely filled band. We can integrate

or sum over one or two or all of them (arguments), respective to that we will get higher

objects of the hierarchy. These objects of the hierarchy can be physically interpreted

as each sum or integration can interpreted for a particular object of the hierarchy. In

Eq.(4.17), just by integrating ρlpd(E,α, r, γ) over r or over the spatial coordinates of the

sample or over the region of the sample Ω then we will get partial density of states (ρpd)

ρpd(E,α, γ) =− 1

4πi

∫
Ω

d3r

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
=− 1

2π

∫
Ω

d3r

[
|sαγ|2

δθsαγ

e0δU(r)

]
(4.17)

Here, Ω stands for the spatial region of the sample only, excluding the leads, which

means the region enclosed by the wavy lines in figure 4.2. Moreover, summing over γ,

which is incoming channel, means averaging over all outgoing channels like α, δ etc.

gives injectivity in Eq.(4.18). Similarly, if we can sum over α, out going channel, means

averaging over all incoming channels like γ, δ etc. gives emissivity in Eq.(4.19). To

get injectivity ρi of a specific lead γ we sum ρlpd in Eq.(4.16) over all possible outgoing

channels α.

ρi(E, r, γ) = − 1

4πi

∑
α

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
= − 1

2π

∑
α

[
|sαγ|2

δθsαγ

e0δU(r)

]
(4.18)
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Similarly, to get emissivity ρe

ρe(E,α, r) = − 1

4πi

∑
γ

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
= − 1

2π

∑
γ

[
|sαγ|2

δθsαγ

e0δU(r)

]
(4.19)

Injectivity and emissivity are the important members of the hierarchy. These are like a

correlation function between two spatial point γ and α to the remote point r where the

lead indecies γ and α are actually a spatial indecies signifying the spatial point where

the lead is attached. The definition of injectivity and emissivity hold in general even

when a lead is partially bringing current and partially taking current away with some

imbalance between the two. But here we are talking about the specific experimental

setup that is explained in more detail in the caption of figure 4.2 and Chapter 6. We

have shown [9] that injected current will see this density of states (DOS) in the hierarchy.

What ρi in Eq.(4.18) means is that for those particular electrons that are coming from

lead γ irrespective of to which lead it is going, the relevant part of DOS at the point r

is ρi(E, r, γ). Injectivity and emissivity can be integrated over r to give higher objects

of the hierarchy called injectance and emittance. Injectance can thus be written from

Eq.(4.18)

ρ(E, γ) =− 1

4πi

∫
Ω

d3r
∑
α

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
=− 1

2π

∫
Ω

d3r
∑
α

[
|sαγ|2

δθsαγ

e0δU(r)

]
(4.20)

and emittance can also be written from Eq.(4.19)

ρ(E,α) =− 1

4πi

∫
Ω

d3r
∑
γ

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
=− 1

2π

∫
Ω

d3r
∑
γ

[
|sαγ|2

δθsαγ

e0δU(r)

]
(4.21)

Local density of states (LDOS) can be defined by summing the RHS of Eq.(4.16) over α

and γ.

ρ(E, r) = − 1

4πi

∑
αγ

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
= − 1

2π

∑
αγ

[
|sαγ|2

δθsαγ

e0δU(r)

]
(4.22)

Integrating just above equation, ρ(E, r), over r we obtain DOS

ρd(E) = − 1

4πi

∑
αγ

∫
Ω

d3r

[
s∗αγ

δsαγ
e0δU(r)

−
δs∗αγ

e0δU(r)
sαγ

]
(4.23)
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ρd(E) = − 1

2π

∫
Ω

d3r
∑
α

|sαγ|2
δθsαγ

e0δU(r)
(4.24)

It is to be noted that a particular channel α can act as an incoming channel as well as an

outgoing channel and so double counting in the sums in Eqs.(4.22), (4.23) and (4.24) is

allowed. Eq.(4.24) is the mesoscopic version of Friedel Sum Rule that relates scattering

phase shift to DOS and does not depend on the lead indices or coordinate as they have

been summed. Except Eq.(4.24) there are several lower objects that explicitly depend

on the lead indices and let us discuss one of them, say ρi(E, r, γ), that is injectivity of

lead γ to the remote point r and others can be similarly interpreted. It depends on the

input lead index γ and physically means the following. The quantity applies to only

those electrons that are incident along lead γ. Individual objects of this ensemble of

electrons may or may not pass through a remote point r and in fact there is no equation

of motion that tells us whether it will. Note that Schrödinger equation works only for

an ensemble of electrons and gives only a probability for it. At zero temperature, below

Fermi energy when we do not distinguish between counting electrons (that constitute a

current) and counting states, ρi(E, r, γ) give the fraction of those electrons that come

from γ and pass through r. Quantum mechanics with its probabilistic interpretations is

incapable of pointing at an arbitrary electron at point r and say if it came from lead γ

and even if we try to do so it messes up the situation. Yet we can calculate this object of

hierarchy which is a count or measure of such electrons and in case of some further lower

objects one has to specify to which lead the electron finally goes. For example, ρlpd is a

measure of electrons going from γ to α condition to the fact that they pass through the

point r. This may give the impression that some of these objects are over specified purely

theoretical entities as there is no equation of motion for answering where does an electron

coming from γ go after some time. But such r dependent density of states (DOS) can be

theoretically derived using the idea of physical clocks like Larmor clock. We will see that

such r dependent DOS can be demonstrated in experiments.

Injectance, Eq.(4.20), is the first member that can be defined and calculated in quan-

tum mechanics as it requires us to specify only one incoming channel, all outgoing chan-

nels being summed and an integration made over all coordinates inside the sample. This

can be calculated canonically or using Feynman paths, identically. Injectance is total

injected current at zero temperature when only lead γ brings electrons into the system

while all other leads carry electrons away from the system and r is also integrated out.

This situation is shown in figure 4.2 as a theoretician will setup the scattering problem

to be solved. Injected current is of the form n e0 v0 or differential current is
dn
dE

e0 v0 dE.

Electronic charge e0 can be set to unity and if properly normalised wave functions are

taken (see Eq.(3.31)) then we can also drop the v0 factor making injected current to be
dn
dE

at an energy E. Now that can be determined from internal wave function ψ(r, γ)
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when the scattering problem is also setup such that electrons are incident only along lead

γ and all other leads carry electrons away from the system so that we do not have to

bother where goes the electrons that pass through r. That gives

ρ(E, γ) =

∫
Ω

d3r
∑
kγ

|ψ(r, γ)|2δ(E − Eγ,kγ ) (4.25)

= − 1

2π

∫
Ω

d3r
∑
α

[
|sαγ|2

δθsαγ

e0δU(r)

]
(4.26)

Eq.(4.25) is the textbook definition of DOS, when only lead γ brings electrons into the

system and the momentum states of these electrons in lead γ are determined by the

wave vector kγ. Eq.(4.26) follows from Eq.(4.20). Lower objects of the hierarchy cannot

be defined in terms of internal wave function ψ(r, γ) as one can never write down an

internal wave function that depend on two lead indices and r. But they can still be

defined in terms of the scattering matrix elements or asymptotic wave functions far away

from r. By appealing to physical process like spin precession and Larmor frequency, we

can address issues like a particle going from γ to α how much time it spends at the

point r and how many (a count or a measure) partial states it occupied at the point r.

We thought wave function is the most fundamental entity in quantum mechanics that is

determined once we know the internal potential U(r) and hence the Hamiltonian. We

always thought that a state is an entity in Hilbert space. Local density of states can only

be defined through ensemble averaging wherein equal a priory probability implies that

all states in Hilbert space are equally accessible by the electrons and time averages give

phase space averages. Time averages in quantum mechanics give phase space averages

in statistical mechanics. Averaging over all possible variations in U(r) help taking the

problem from Hilbert space to phase space. But say for a benzene molecule attached to

leads if we change the internal potential U(r), then it is no longer a benzene molecule. An

electron coming from lead γ and going to lead α will not access all states of the benzene

molecule but some partial states for which Eq.(4.17) give partial density of states that

cannot be defined in terms of the internal wave function. The integrand in Eq.(4.26)

can not be broken down into an α dependent quantity. If we remove the integration

over r in Eq.(4.26) then the integrand does not give any lower object of hierarchy as

fixing an r means infinite uncertainty in momentum and it is not enough to be limited

to the momentum state at a particular energy E. Likewise, removing the sum over kγ

would mean looking at a particular momentum state and that would mean an infinite

uncertainty in coordinate of the electron and so integrating the coordinate over the sample

region does not give anything. Besides a delta function cannot be written unless there is

a sum or an integration over its variable.

Note that the injectance as defined in Eq.(4.25) or (4.26) can also be measured in-
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directly by an experimentalist. Just as Landauer resistance of a sample is defined with

respect to the leads attached to the sample, the injectance in Eq.(4.25) is a property

of the lead γ which is dependent on the sample to which it is attached. Any electron

incident from γ at a particular energy E and wave vector kγ has to go to some point r

in the sample and eventually escape to some lead α including escape to lead γ and we

have summed over all these possibilities in Eq.(4.26). Current delivering capacity of lead

γ will be determined by the lateral confinement in the lead and the available modes. To

measure this capacity of an scanning tunneling microscope (STM) tip (say) one has to

just bring it close to a Landauer type reservoir or a perfect sink of electrons and measure

how much tunneling current it delivers to the sink which will be independent of incident

energy and the point of the sink to which it is attached. But once the STM tip tries

to deliver a current to a particular point rp of a mesoscopic sample, then this delivered

current will strongly depend on the point rp and incident energy E. Subtracting the

current delivery capacity of the STM tip we can get the injectance. Similarly, one can

measure the injectance of any Landauer lead γ (note that γ is a spatial index like rp )

by attaching it to a Landauer sink and noting that there is a 12.9 kilo Ohms contact

resistance. Then it can be attached to the point γ of the sample and the above procedure

can be followed. This E dependent current is due to the available states in the system

that the injected electrons can access and can never be found by box normalisation. In

Landauer’s phenomenology, the DOS in the lead per incident mode is 1
hv0

, that is the

same as an infinite 1D line obtained from box normalisation. We understand this com-

ing from an incident wave packet made up of wavelets with appropriate normalisation

constants. A wave packet is a localised pattern in physical space, propagating in time

and does not care if the lead is attached to a sample or to a perfect sink. The particular

normalisation constant in Eq.(3.31), takes care of current conservation via the available

current carrying states. The wavelets, satisfy Schrödinger equation with or without the

normalisation constant. In Chapters 6 and 7, we will show how some lower objects of the

hierarchy can also be measured experimentally.

In this chapter, we have classified all local objects of the hierarchy in terms of scat-

tering phase shift from the theory of the Larmor clock.



CHAPTER 5

FANO RESONANCE IN REALISTIC

SYSTEMS

In 2DEG samples, a confinement potential leads to sub-band quantisation in narrow

region as discussed in Chapter 2. These sub-bands show a physical phenomenon known

as Fano resonance. A degeneracy between a bound state and a scattering state will

always produce a Fano resonance [30, 31, 32], in figure 5.4, that will be accompanied

by a discontinuous phase change of π at transmission zero. This phase change or drop

is a rather novel phenomenon because our intuitive understanding of scattering says

that time delays in electron propagation and phase accumulation of the wave function

are related. So phase drop may naively suggest time gains rather than delays. But

one has to carefully isolate what is a true physical phenomenon and what is artifact of

approximations, and this will be done in subsequent chapters. In this chapter, we will

be discussing about Fano resonance for realistic mesoscopic systems. To understand the

Landauer-Büttiker formalism, the key to generalize this formalism is the Friedel Sum

Rule (FSR). FSR relates scattering phase shift to density of states. Buttiker and his

colleagues find a correction term to FSR and highlight the effects of lead in their study.

FSR will collapse in quantum regimes, while FSR operates excellently when the system

stays within the WKB limit. The reference [68] shows that FSR is exact at the Fano

resonance (not in WKB regime) which is a pure quantum interference phenomenon and

worse in the regimes away from the Fano resonance (in WKB regime). An impurity in

quantum wire caused this result. A single attractive impurity can create many resonance

states in a quantum wire, which can all be defined as Fano resonances. The majority

of the resonances in the mesoscopic systems coupled to leads were found to be Fano

resonances, and it was demonstrated that the unique nature of the scattering phase shift

at Fano resonances accounts for the wide range of physical phenomena observed. It has

63
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been shown in [54] that an impurity in quantum wire gives strong backscattering which

is quantum mechanical in nature, and such backscattering does not disperse the wave

packet. A correction term to FSR gives semi-classical formula which will also be covered

in this chapter [9, 67]. We will also show that why semi-classical formulas are exact in

a purely quantum-mechanical regime [9, 54, 55, 67]. Thus, a non-dispersive wavepacket

can be created within quantum regime at Fano resonance [54]. We will point out that,

from solutions reported in [54, 55], one can verify π phase slips of scattering phase shift

that have somehow eluded attention before our works. Its implications will be discussed

too. These scattering problems are generally hard to solve. And numerically, even simple

cases require a good amount of computation time [56]. The only potential that can be

solved exactly is that of a delta function potential [57] to give the scattering amplitudes.

Fano resonance in low dimensional mesoscopic systems can occur for very natural reasons

in a wide range of realistic parameter values [69]. Let us try to understand this further

with the help of a schematic diagram in figure 5.1 that can be modeled and solved. In

Chapters 6 and 7, we will generalize these results and make them independent of any

model.

Recent developments in fabrication techniques allow us to fabricate a two-dimensional

(2D) quantum wire with the confinement potential in the third direction so narrow that

only one mode is populated and there are no degrees of freedom in the third direction.

Hereafter, “quantum wire” refers to a 2D quantum wire with transverse modes quantised

in the same way as a square well potential and plane wave propagating modes along the

wire’s length or in leads.

We discuss a realistic mesoscopic system in Section 5.1. In Section 5.2, we solve a

typical scattering problem in quasi-1D, study Fano resonance and, show semi-classical

formula become exact at Fano resonance. In Section 5.3, we show that Friedel Sum

Rule can also become exact without making reflection, transmission and sine function

zero. In Section 5.4, we define Burgers circuit. In Section 5.5, we provide a description

of scattering phase shift and Argand diagram for square well potential. In Section 5.6,

we discuss a multichannel case for delta function potential where again we show that

semi-classical formula becomes exact.

5.1 A realistic mesoscopic setup

An illustrative picture of a realistic system is drawn in figure 5.1. The shaded region is

the mesoscopic sample and it is connected to a source reservoir S and a drain reservoir

D. The source and the drain have chemical potentials µ1 and µ2 as well as temperatures

T1 and T2, respectively, as shown in the figure 5.1 [9]. However, these parameters, along

with the Hamiltonian of the sample, are not enough to describe the properties of the



5.1. A REALISTIC MESOSCOPIC SETUP 65

Figure 5.1: An schematic diagram of a general mesoscopic system. The LHS source (reservoir) has
the parameters chemical potential µ1 and T1. Similarly, the RHS drain or sink (reservoir) has the
parameters chemical potential µ2 and T2. L and R denotes left and right leads. In bothe leads we have
shown propagation modes. The dotted line is for ground state, solid line is for first excited state, and
dashed line is for second excited state in both leads. Current flows from source to drain. Shaded region
is the sample.

system fully. We also need to consider the leads L and R that connect the sample to the

reservoirs. The exchange of energy and particles between the system and the reservoirs

take place through the leads, and the nature of the leads, along with the points where it

connects to the sample are very important and are well accounted for in the Landauer-

Buttiker formalism. If the leads are connected to different points of the sample then

the properties of the system will change completely. If the confinement potential of the

leads are different then the nature of the states in the leads will be different and again

that will change the properties of the system. This is the reason why intrinsic length

scales of the sample (shaded region) are not dominant and does not lead to material

specific parameters like resistivity, etc. This confinement potential in the leads act in the

transverse direction while in the longitudinal direction from S to D the states are plane

wave propagating states. In the figure 5.1, the transverse confinement is taken to be hard

wall which makes the transverse states like the states in a 1D infinite well (shown in the

leads in figure 5.1). These will be mathematically shown subsequently.

We first discuss how the Fano resonances and the associated phase slips appear very

naturally in quantum wires before moving on to the mathematical analysis. Consider a

simplified version of the figure 5.1 as shown in figure 5.2. In figure 5.2, the shaded region

of figure 5.1 has been simplified into a rectangular block extending from x = −a to x = a

and from y = − c
2
to y = c

2
. The leads extend from y = − b

2
to y = b

2
. Section 5.1 will

provide the mathematical solution of Schrödinger equation for this system. This system

can be further simplified by making c equal to b in which case we will get the structure

shown in figure 5.3. The physical reasons can be diagrammatically explained as follows.

For example, consider the modes in the leads in figure 5.1. The dotted sinusoidal curve

is the wave function for the ground state in an infinite potential well as the potential in
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Figure 5.2: A simplified version of the system in figure 5.1. Region I and II is for leads. Leads height
varies from - b2 to b

2 , sample or scatterer region varies from − c
2 to c

2 , and width of scatterer varies from
−a to a. At the center of scatterer region, origin is marked (0, 0).

U = 0 U = −U0 U = 0

Figure 5.3: An intuitive picture of confinement potential in figure 5.1. This figure shows that confinement
potential is zero in the region I and II of figure 5.1 whereas in scatterer region confinement potential is
−U0.

the direction transverse to the direction of current flow is taken as hard wall. The wave

function in the propagating direction will be plane waves with usual parabolic dispersion

curve as we will show in Section 5.2. The dotted parabolic curve in figure 5.4 is showing

this dispersion (it is basically a plot of energy versus wave number). The solid sinusoidal

curve in the leads of figure 5.1 is the first excited state (depicted as second state in figure

5.1) in an infinite potential well and for this we will get another parabolic dispersion curve

shown by solid curve in figure 5.4. This parabola will be at a higher energy relative to the

dotted parabola as the first excited state in the transverse direction has higher energy than

the ground state (will be shown mathematically in Section 5.2). Similarly, corresponding

to the dashed sinusoidal curve in figure 5.1 we will get the dashed parabola in figure 5.4.

These parabolic dispersion curves correspond to scattering states only. If potential U

in the sample region is negative (say −U0) then corresponding to each parabola there

will be bound states as well whose energies will be below the threshold energy of the

parabolas. Thus, the dashed parabola will have some bound states shown by the dashed

straight lines below the dashed parabola in figure 5.4. The solid parabola will also have

some bound states shown by the solid straight lines below the solid parabola in figure 5.4.

Now the solid bound states will not be true bound states as they are degenerate with a

scattering state (shown by an arrow), of the dotted channel.

Suppose in figure 5.1 or figure 5.2 or 5.3, we want to consider just two transverse
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channels. Which means in case of figure 5.1 we have the dotted curve and the solid

curve depicting transverse modes. Suppose the propagating wave vector for these two

channels are k1 and k2. As Eqs.(4.25) and (4.26) suggest that we have to define injectance

separately for these two cases. Injectance of left lead for incidence along k1 channel should

be denoted as ρ(E, γ = 1, k1) but we call it ρ(E, 1). Which means although according to

Eq.(4.15) one has to make a distinction between spatial indices and momentum indices,

here we simplify the notation. For this case semi-classical injectance will have two more

terms compared to Eq.(5.70) and is given by, [55]

ρ(E, 1) ≈ 1

2π

[
|r11|2

dθr11
dE

+ |r21|2
dθr21
dE

+ |t11|2
dθt11
dE

+ |t21|2
dθt21
dE

]
(5.1)

One can break this up as

ρ(E, 1) ≈ ρL(E, 1) + ρR(E, 1) (5.2)

where

ρL(E, 1) =
1

2π

[
|r11|2

dθr11
dE

+ |r21|2
dθr21
dE

]
(5.3)

ρR(E, 1) =
1

2π

[
|t11|2

dθt11
dE

+ |t21|2
dθt21
dE

]
(5.4)

That is, ρL(E, 1) consist of reflection channels and ρR(E, 1) consist of transmission chan-

nels. The correction term corresponding to Eq.(5.71) depends on parameters of the

incident channel only and gives the following identity.

ρ(E, 1) = ρL(E, 1) + ρR(E, 1) +
1

2π

m0|r11|
ℏk21

sin(θr11) (5.5)

This is known in 1D, Eq.(5.5), the explicit calculation in this chapter reveals that this

is also true for the multichannel situation and the correction term depend solely on the

input channel parameters, provided we account for the evanescent modes to calculate

them. In Section 5.3, we will demonstrate how these evanescent modes are included.

Similarly, semi-classical injectance for incidence along left lead in k2 channel is, [55]

ρ(E, 2) ≈ 1

2π

[
|r22|2

dθr22
dE

+ |r12|2
dθr12
dE

+ |t22|2
dθt22
dE

+ |t12|2
dθt12
dE

]
(5.6)

We can break this up as

ρ(E, 2) ≈ ρL(E, 2) + ρR(E, 2) (5.7)
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E (Incident energy)

Figure 5.4: An intuitive picture of getting Fano resonances in mesoscopic systems. These are the modes
or states which has shown in figure 5.1. Below parabolic curve (propagation modes), bound states are
shown.

where, ρL(E, 2) =
1

2π

[
|r22|2

dθr22
dE

+ |r12|2
dθr12
dE

]
ρR(E, 2) =

1

2π

[
|t22|2

dθt22
dE

+ |t12|2
dθt12
dE

]
and with the correction term we get

ρ(E, 2) = ρL(E, 2) + ρR(E, 2) +
1

2π

m0|r22|
ℏk22

sin(θr22) (5.8)

From the S-matrix, the RHS of Eqs.(5.1) and (5.6) can be found. Experimentalists can

easily access this S-matrix approach. However, in mesoscopic systems that are in the

quantum regime, the correction term can be very large. A significant modification is also

required to the physical interpretation of the correction term which is covered in Section

5.3.

5.2 A typical scattering problem in quasi-1D

This section provides an analytical treatment of scattering in quasi-1D (Q1D) in terms

of partial wave analysis for a general system of the type illustrated in figure 5.1. This

will result in the general occurrence of Fano resonances, which will be accompanied

by transmission zeroes and associated discontinuous π phase shifts. One can further

understand in the next few chapters that this will lead to negative partial density of

states and time travel. As previously mentioned [69], the analysis in this section can

be used to explicitly solve the system in figure 5.2. Let us consider Ug(x, y) to be the

scattering potential in the shaded region of figure 5.2. The right reservoir serves as a

sink and the left reservoir as a source of electrons (not shown in figure 5.2). As usual the

x-direction is along the source to sink direction and the y-direction is perpendicular to
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it. The confinement potential in the leads, i.e., in regions I and II, is taken to be hard

wall in the y-direction (or transverse direction), given by

U(x, y) = U(y) =

∞, |y| ≥ b
2
, |x| ≥ a

0, |y| < b
2
, |x| ≥ a

(5.9)

The potential in the shaded region is of the form

U(x, y) =

∞, for |y| ≥ c
2
and |x| < a

Ug(x, y), for |y| < c
2
and |x| < a

(5.10)

Thus, we have taken the system to be embedded in 2D and the reason for this is that

the third direction is determined by the way the two dimensional electron gas (2DEG)

is made and usually there is only one quantised energy mode for this degree of freedom,

which can be set to zero by the choice of reference frame of energy.

We will first solve the Schrödinger equation in the leads, and then match them to the

solutions in the sample region which is the shaded area in figure 5.2. The Schrödinger

equation in the two dimensional lead is,

−ℏ2

2m0

∂2

∂x2
ψ(x, y)− ℏ2

2m0

∂2

∂y2
ψ(x, y) + U(y)ψ(x, y) = Eψ(x, y) (5.11)

Since the potential depends only on y, from the separation of variables

ψ(x, y) = cm(x)χm(y) (5.12)

From Eqs.(5.11) and (5.12), we get[
− ℏ2

2m0

d2

dy2
+ U(y)

]
χm(y) = εmχm(y) (5.13)

and − ℏ2

2m0

d2

dx2
cm(x) = (E − εm) cm(x) (5.14)

From Eq.(5.13) χm(y) =

√
2

b
sin

(
mπ

b
(y +

b

2
)

)
; εm =

ℏ2m2π2

2m0b2
(5.15)

For m = 1 in Eq.(5.15), we get the dotted curve in the leads of figure 5.1. For m = 2 in

Eq.(5.15), we get the solid curve in the leads of figure 5.1. For m = 3, we get the dashed

curve in the leads of figure 5.1 and so on. From Eq.(5.14)

cm(x) = e±ikmx; (E − εm) =
ℏ2k2m
2m0

(5.16)

For m = 1 in Eq.(5.16), we get the dotted parabolic curve in figure 5.4 which is a plot
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of E versus k1 . For m = 2 in Eq.(5.16), we get the solid parabolic curve in figure 5.4

which is a plot of E versus k2. For m = 3 we get the dashed parabolic curve in figure

5.4. We have not yet obtained the bound states shown by the dotted straight lines or

solid straight lines, or dashed straight lines in figure 5.4. For them we have to solve the

Schrödinger equation in the shaded region of figure 5.2 which will be done from Eq.(5.27)

onward.

From Eqs.(5.15) and (5.16)

E = Em,km =
ℏ2m2π2

2m0b2
+

ℏ2k2m
2m0

(5.17)

Consistent with Eqs.(5.12), (5.15) and (5.16), we can write a general solution as a linear

combination of 1√
km
χm(y) e

±ikmx, where s
e/o
nm are coefficients to be determined. Therefore,

ψ(x, y) =
1

2
√
k1

[
δ11e

−ik1x − se11e
ik1x

]
χ1(y) +

1

2
√
k2

[
δ21e

−ik2x − se21e
ik2x

]
χ2(y) + ...

+
1

2
√
k1

[
δ11e

−ik1x − so11e
ik1x

]
χ1(y) +

1

2
√
k2

[
δ21e

−ik2x − so21e
ik2x

]
χ2(y) + ...

(5.18)

Each term in Eq.(5.18) satisfy Eq.(5.11) and so their sum also satisfies Eq.(5.11) because

it is a linear differential equation. For example, 1
2
√
k1
se11 e

ik1x χ1(y) satisfies Eq.(5.11) with

E = ℏ212π2

2m0b2
+

ℏ2k21
2m0

while 1
2
√
k2
so21 e

ik2x χ2(y) satisfies Eq.(5.11) with E = ℏ222π2

2m0b2
+

ℏ2k22
2m0

. One

can find some more terms, or break up the terms above in to some strange terms and

mathematically there is nothing wrong. However, Eq.(5.18) is supposed to correspond to

some physical situation and we have to address that Eq.(5.18) is essentially a series

ψ(x, y) =
∞∑
m=1

1

2
√
km

[
δmm′e−ikmx − semm′eikmx

]
χm(y)

+
∞∑
m=1

1

2
√
km

[
δmm′e−ikmx − somm′eikmx

]
χm(y) (5.19)

ψ(x, y) =
ψe(x, y) + ψo(x, y)

2
(5.20)

where ψe(x, y) is an even function of x and ψo(x, y) is an odd function of x. This can

always be demanded by adjusting the unknown coefficients semm′ and somm′ because any

arbitrary function can be decomposed into a sum of even and odd function, and any

matrix into a sum of symmetric and anti-symmetric matrix (see Eq.(5.22)). Special

situation here is that because the Schrödinger equation is a linear differential equation,

both ψe(x, y) and ψo(x, y) independently satisfy Eq.(5.11). In Eq.(5.20), we can shuffle

around the terms in the series and add them because the Hilbert space is complete by the
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axioms. This implies that each term in the series is in Hilbert space and the entire series

is also in Hilbert space and so different terms can be added. Note that these additions

have the spirit of vector addition as the Hilbert space is a normed vector space.

ψ(x, y) of Eq.(5.19) is valid for |x| ≥ a and hence also valid for x < −a. Therefore,

to find the wave function in the left lead, we just have to use the coordinate value −x in

Eq.(5.19). For x < −a, ψ(x, y) should correspond to a physical situation in the left lead

of figure 5.2.

ψ(x, y) =
∞∑
m=1

1

2
√
km

[
δmm′eikmx − somm′e−ikmx

]
χm(y)

+
∞∑
m=1

1

2
√
km

[
δmm′eikmx − semm′e−ikmx

]
χm(y) (5.21)

ψ(x, y) =
1√
km′

eikm′xχm′(y) +
∞∑
m=1

1√
km

(−somm′ − semm′)

2
e−ikmxχm(y) (5.22)

Note that Eq.(5.22) is only valid for x < −a and to obtain its value at some x < −a we

have to only use the value x = |x| because the negative sign has been already accounted

for in going from Eq.(5.19) to Eq.(5.21). Indeed when we match the boundary conditions

in Eqs.(5.32) and (5.35), this is what we will do, as is evident from the discussions in

the paragraph after Eq.(5.23) where we explicitly keep track of the sign of x, leading

to Eq.(5.31). Let us compare with the usual way in which we write the wave function

in 1D as eikx + re−ikx. Like in 1D, we have in mind the following physical situation.

That an ensemble of quantum particles are incident from the left. This incident ensemble

in the left lead can be described by a wave packet whose components are eikm′x χm′(y)

and there is a reflected wave packet whose components are r̃mm′ e−ikmx χm(y). That

|r̃mm′ |2 can be read off from Eq.(5.22) and stated below in Eq.(5.23), can be interpreted

as a fraction of the incident probability in the incoming m′th channel that is reflected

to the mth channel. In Eq.(5.22), the incident wave packet has Fourier components
1√
km′

eikm′x χm′(y) and several reflected wave packets in different channels indexed by m

whose Fourier components are 1√
km

(−so
mm′−semm′ )

2
e−ikmx χm(y).

r̃mm′ = −(somm′ + semm′)

2
(5.23)

Therefore, r̃mm′ is the reflection amplitude from the m′th incident channel to the mth

channel in the left lead as Eq.(5.22) is defined only for x < −a.

Now let us come to the right lead, that is x > a. Once again we can start from

Eq.(5.19) that is valid for |x| ≥ a. To find the wave function at x = +a we have to just

substitute the coordinate value x = +a in Eq.(5.19). But we can use symmetry to do
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some simplification. We can try to find out the value of ψ(x, y) at x = a from its value at

x = −a. Let us substitute x → −x in Eq.(5.19) and note that this is how we can relate

the wave functions at positive and negative x. That means to find the wave function at

x = +a we first find its simplified value at x = −a, because the symmetry allows us to

do some simplification. However, this simplification scheme can only be applied at one

end (that is the left end) because the whole purpose is to get the boundary conditions

at the two ends from one end. So there are two alternate approaches to this scattering

problem. In this approach, we apply or calculate boundary conditions at only one end

twice, once without applying symmetry and then by applying symmetry. In the other

approach, we do not use any symmetry but apply or calculate boundary condition at

both ends separately. Because the wave function at the two ends is always different and

something has to be done differently at the two ends. Therefore, noting that the second

series in Eq.(5.19) is odd, we get

ψ(x, y) =
∞∑
m=1

1

2
√
km

[
δmm′eikmx − semm′e−ikmx

]
χm(y)

−
∞∑
m=1

1

2
√
km

[
δmm′eikmx − somm′e−ikmx

]
χm(y) (5.24)

ψ(x, y) =
∞∑
m=1

1√
km

(−semm′ + somm′)

2
e−ikmxχm(y) (5.25)

In this simplified value we re-substitute x → −x and in the expression that will be

obtained, x can only admit positive values of x > a. So,

ψ(x, y) =
∞∑
m=1

1√
km

(−semm′ + somm′)

2
eikmxχm(y)

t̃mm′ =
(somm′ − semm′)

2
(5.26)

Again in comparison to a 1D scattering problem, t̃mm′ is the transmission amplitude for

an electron incident from left along m′ channel and transmitted to the mth channel on

the right.

So far we were solving the Schrödinger equation in the leads. Now let us come to

the scattering region that is the shaded region in figure 5.2. The wave function in the

scattering region with potential, U(x, y) = Ug(x, y), can be written as

ηe(x, y) =
∞∑
n=1

cnζ
e
n(x, y) (5.27)

ηo(x, y) =
∞∑
n=1

cnζ
o
n(x, y) (5.28)
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as internal wave function too can be written as

η(x, y) =
ηe(x, y) + ηo(x, y)

2
(5.29)

From Eqs.(5.20) and (5.18) (valid for all |x| ≥ a), we get

ψe(x, y) =
∞∑
m=1

1√
km

[
δmm′e−ikmx − semm′eikmx

]
χm(y) (5.30)

It is also natural to introduce an index m′ on the LHS to make it compatible with the

RHS.

ψem′(x, y) =
∞∑
m=1

1√
km

[
δmm′e−ikmx − semm′eikmx

]
χm(y) (5.31)

Thus, Eq.(5.31) is valid for x = +a (see figure 5.2). Now we can equate ψe of Eq.(5.31)

with ηe of Eq. (5.27) and similarly we can equate ψo with ηo, which will match ψ of Eq.

(5.20) to η of Eq.(5.29) (crucially depends on axiomatic completeness of Hilbert space).

But first let us apply current conserving boundary condition to get

dψem′(x, y)

dx
|x=a =

dηe(x, y)

dx
|x=a (5.32)

There are two quantum numbers involved that has to be respected. One is e that comes

from spatial symmetry in x-direction and the other is m′ coming from sub-band quan-

tisation. So, we also introduce the index m′ on the RHS of Eq.(5.32). Note that if the

system did not have the symmetry of x→ −x then we cannot match ψe to ηe alone but

we will have to match ψe to the full linear combination given by η in Eq.(5.29).

dψem′(x, y)

dx
|x=a =

dηem′(x, y)

dx
|x=a (5.33)

Substituting from Eq.(5.27) and Eq.(5.31) into Eq.(5.32), and after further simplification

we get (see Appendix A)

−i
√
km′′

(
δm′m′′e−ikm′′a + sem′′m′eikm′′a

)
=

∞∑
m=1

cmF
e
m′′m

√
km′′km (5.34)

Now we apply another boundary condition to match wave functions at x = a.

ψem′(x, y)|x=a = ηem′(x, y)|x=a (5.35)

Substituting from Eqs.(5.27), (5.31), (5.15) into Eq.(5.35), and after simlpification we get
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(see Appendix A)

∞∑
m=1

(F e
m′′m − iδm′′m) e

ikmasemm′ = (F e
m′′m′ + iδm′′m′) e−ikm′a (5.36)

This is the equation that we have to solve to find semm′ . Similarly, we will get an equation

for somm′ . Multiplying identical terms on both sides of Eq.(5.36), we get∑
nm

∑
m′′

[
(F e − iI)−1

]
nm′′ [F

e − iI]m′′m e
ikmasemm′

=
∑
n

∑
m′′

[
(F e − iI)−1

]
nm′′ [F

e + iI]m′′m′ e
−ikm′a (5.37)

In quantum mechanics, a series can be seen as a limit of a finite sum and so we can

talk of Eq.(5.36) as a matrix equation. In this particular case, the series has a natural

truncation because very high km values correspond to very high energy states that are

not possible in condensed matter systems. The work function of a material provides a

natural cut off. Since on LHS, after the sum over m′′, we are multiplying matrix elements

from two matrices that are inverse to each other, two matrix elements must multiply to

give a 0 or 1. ∑
n

eikna senm′ =
∑
n

[
(F e − iI)−1(F e + iI)

]
nm′ e

−ikm′a (5.38)

Since, this is true for any arbitrary kna, we can remove the sum from both sides.

senm′ = e−ikna
[
(F e − iI)−1(F e + iI)

]
nm′ e

−ikm′a (5.39)

Now binomial expansion like procedure can be followed because the identity matrix com-

mutes with any matrix and we get (see appendix A)

(F e − iI)−1(F e + iI) = 1 + 2i(F e − iI)−1 (5.40)

From Eq.(5.39), where we drop the superscript e for convenience, which we will bring

back after some simplification.

snm′ = e−ikna
[
1 + 2i(F − iI)−1

]
nm′ e

−ikm′a (5.41)

To explain the straight lines in figure 5.4, representing bound states and resonant

states, let us reconsider Eq.(5.17)

E =
ℏ2m2π2

2m0b2
+

ℏ2k2m
2m0

If we take m = 1 and plot E versus k1 then we get the dotted parabola in figure 5.4
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where the minimum of the parabola is ϵ1 = ℏ212π2

2m0b2
and referred to as the propagating

threshold for the m = 1 channel. If we take m = 2 and plot E versus k2 then we get

the solid parabola in figure 5.4 where the minimum of the parabola is ϵ2 = ℏ222π2

2m0b2
and

referred to as the propagating threshold for the m = 2 channel. There can be thus an

infinite number of these parabolas and figure 5.4 depicts only three of them.

In mesoscopic physics an experimentalist can fix the incident energy E and the range

in which it can vary. So suppose

ℏ2π2

2m0b2
< E <

ℏ24π2

2m0b2
(5.42)

That is

ϵ1 < E < ϵ2 (5.43)

If we substitute an E value in this range in Eq.(5.17) then we can see that k1 is real

and k2, k3, ... are all imaginary. What it physically means with respect to figure 5.4 is

the following. It means the incident energy E is varying between the minimum of the

dotted parabola and the minimum of the solid parabola. In this regime, only k1 is a

propagating mode and the rest are evanescent modes. For example, if k2 is imaginary

then we can substitute k2 → iκ2 and substitute in Eq.(5.22) to see this. However, in this

energy range there can be some discrete real values of k2 for which one can find solutions

to Eq.(5.36) or (5.41). These will give the bound states like the dashed lines in figure

5.4. Bound states can be determined from the singularities of the matrix equation, that

is from Eq.(5.36) or (5.41) we can say that solutions to the following equation will give

the bound states.

det [F e
cc − iI] = 0 (5.44)

As stated above, Eq.(5.36) can be seen as a matrix equation, where the RHS terms are

known, and the coefficients of semm′ on LHS are also known. We can drop the superscript

e for convenience, that will be introduced later. Here ‘cc’ means evanescent channel (or

closed channel, see Eq.(5.44) for which both km and km′ in Eq.(5.36) are imaginary. For

these values of km and km′ , we can still find solutions to Eq.(5.36) with semm′ = 0 for

m = m′ only for some discrete values of km. Note that for m = 2 these solutions will be

for E < ϵ2 = ℏ24π2

2m0b2
. An electron in such a state gets trapped in an eigenstate with no

reflection or transmission. To explain Fcc further we can partition the matrix F into its

open and closed channel parts as follows.

F =

[
Foo Foc

Fco Fcc

]
(5.45)

The subscripts ‘o’ refers to open and ‘c’ refers to closed channels. Suppose for m′ and m
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taking values from the set {1, 2}, Foo will be a 2× 2 matrix while Fcc will be an infinite

dimensional matrix that can be truncated at some point based on physical arguments.

The completeness of the Hilbert space ensures that the truncation is physical. Foo is

a matrix whose elements are of the form Fmm′ where m and m′ are indices for open

channels. Similarly, Fcc is a matrix whose elements are of the form Fmm′ where m and

m′ are indices for closed channels. Thus, Foc is a matrix whose elements are of the form

Fmm′ where m is an index for an open channel while m′ is an index for a closed channel.

Similarly, Fco is a matrix whose elements are of the form Fmm′ where m is an index for a

closed channel while m′ is an index for an open channel. Thus, we may write on dropping

the superscript e which will be reintroduced latter

[F − iI]−1 =

[
A B

C D

]
(5.46)

We found (see Appendix A)

A =
(
Foo − iI − Foc(Fcc − iI)−1Fco

)−1
(5.47)

From Eq.(5.46) we see that (see Appendix A)

A =
[
(F − iI)−1

]
oo

(5.48)

In Eq.(5.41), if n and m′ are open channels, then substituting A from Eq.(5.48) in

Eq.(5.41)

snm′ = e−ikna [1 + 2iA]nm′ e
−ikm′a (5.49)

Substituting from Eq.(5.47) into Eq.(5.49)

snm′ = e−ikna
[
1 + 2i

(
Foo − iI − Foc(Fcc − iI)−1Fco

)−1
]
nm′

e−ikm′a (5.50)

or snm′ = e−ikna
[
1 + 2i (G− iI)−1]

nm′ e
−ikm′a (5.51)

where, G =
[
Foo − Foc(Fcc − iI)−1Fco

]
(5.52)

From Eq.(5.51) and comparing with Eq.(5.40)

snm′ = e−ikna
[
(G− iI)−1(G+ iI)

]
nm′ e

−ikm′a (5.53)

Suppose there is only one propagating channel in both the leads. Then we put n = m′ = 1
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in Eq.(5.53) and also from Eq.(5.52) we see that G is a number.

G = F11 −
∑

m′=2,m=2

F1m[(Fcc − i1)−1]mm′Fm′1 (5.54)

From Eq.(5.53)

s11 = e−ik1a
[
G+ iI

G− iI

]
e−ik1a (5.55)

From Eqs.(5.53) and (5.54)

s11 = e−2ik1a

[
1 + 2i

(
F11 −

∑
m′,m=2

F1m[(Fcc − i1)−1]mm′Fm′1 − i1

)−1]
(5.56)

We reintroduce the superscript e to write

Ge = cot (θe) (say) (5.57)

From Eq.(5.55)

se11 = e−2ik1a
cot (θe) + i1

cot (θe)− i1
= e−2ik1a

eiθ
e

e−iθe
= e−2ik1ae2iθ

e

= e2i arccot(G
e)−2ik1a = e2i(θ

e−k1a) = e2iδ
e

where δe = θe − k1a

Similarly, we can get so11 = e2iδ
o

and δo = θo − k1a

According to the convention of Eq.(3.77) in Chapter 3 of [9], δ ≡ θt′ , whereas we work

with θt. Therefore,

se11 = e2iθ
e

(5.58)

so11 = e2iθ
o

(5.59)

Now from Eq.(5.26), we find that transmission amplitude (t̃11) is given by

t̃11 =
−se11 + so11

2
=

−e2iθe + e2iθ
o

2
(5.60)

We define new variables as

ϕ = θe − θo and θr = θe + θo (5.61)

t̃11 = −i sin(ϕ)eiθr (5.62)
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Similarly from Eq.(5.23) we find the reflection amplitude to be

r̃11 = −s
e
11 + so11

2
= −(e2iθ

e
+ e2iθ

o
)

2
(5.63)

and, r̃11 = − cos(ϕ)eiθr (5.64)

Thereby, we get transmission amplitude and reflection amplitude as

t̃11 = −i sin(ϕ) eiθr and r̃11 = − cos(ϕ) eiθr (5.65)

One can see [9, 53] for further details, but the discontinuous scattering phase shifts at

the resonances or bound states was overlooked there. We can see them as follows. Since

the system has reflection symmetry in x, bound states will be either an even state or an

odd state. At an even bound state Ge will blow up as is clear from Eqs.(5.54) and (5.44).

That is because the second term in Ge, as given by Eq.(5.54) has the inverse of a matrix

and when the bound state condition given by Eq.(5.44) is satisfied, this second term will

diverge. Therefore, at a bound state θe = arccot[Ge] (see Eq.(5.57)) will go to zero. So

at an even bound state |t̃11| = sin(ϕ) = sin(θe) = 0 (see Eqs.(5.61) and (5.62)).

The correction term of Eq.(5.5) in case of this system is m0|r̃11|
ℏk21

sin(θr) =
m0|r̃11|
ℏk21

sin(θe)

(see Eq.(5.61)), and therefore that too is zero from Eq. (5.57). Thus, we have shown that

the correction term in Eq.(5.5) is zero because sin(θr) = 0. At this point | r |= | − cos(ϕ) |
(see Eq.(5.64)) = | − cos(θe) |= cos(0) (we have already shown sin(θe) = 0) and so

| r | ≠ 0. As stated earlier, if the correction term can be ignored or set to zero then the

semi-classical formulas can be very useful to experimentalists.

5.3 Semi-classicality and Friedel Sum Rule

Eq.(4.24) is the mesoscopic version of Friedel Sum Rule (FSR). In this equation too we

get the derivative of the scattering phase shift with respect to the local potential U(r)

along with an integration over r and so this is not of much use to an experimentalist.

One may consider the following substitution∫
global

d3r
δ

e0δU(r)
= − d

dE
(5.66)

therefore, ∫
Ω

d3r
δ

e0δU(r)
≈ − d

dE
(5.67)

thus, ρd(E) ≈
1

2π

∑
αγ

[
|sαγ|2

dθsαγ

dE

]
(5.68)
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The Eq.(5.68) is true because the global integration on LHS of Eq.(5.66) implies that

the potential can be increased (or decreased) by a constant amount globally which is

identical to not shifting the potential but decreasing (or increasing) the incident energy.

An experimentalist can easily achieve this by changing the Fermi energy but what appears

in Eq.(4.24) is not a global integration but a sample integration. For a large bulk system

one need not make a difference between the two but for a mesoscopic system we may only

write the approximate equality in Eq.(5.68). Further simplifications of RHS in Eq.(5.68)

gives

πρd(E) ≈
d

dE
θf (E) (5.69)

The Friedel phase is denoted by θf (E) =
1
2i
log(det[s]), the scattering matrix is denoted

by s, and the density of states is represented by ρd(E) =
dn(E)
dE

. This equation is referred

to as the Friedel Sum Rule (FSR). But even though all of the leads add up to give DOS,

each lead’s injectance is random.

In 1D α and γ can each take two values leading to the fact that s11 = r, the reflection

amplitude when incidence is from the left. Similarly, s21 = t, the transmission amplitude

when incidence is from the left, s12 = t, the transmission amplitude when incidence is from

the right, and s22 = r∗, the reflection amplitude when incidence is from the right. There

are many other conventions of representing this that does not compromise the physical

reality. We can substitute these values in Eq.(4.26) and then use the substitution from

Eq.(5.67) to get

ρ(E, 1) ≈ 1

2π

[
|r|2dθr

dE
+ |t|2 dθt

dE

]
(5.70)

Note that when talking of injectance of lead 1, we have to only consider incidence from

the left. In 1D it was shown [70] that the correction term can be determined in 1D to

give

ρ(E, 1) =
1

2π

[
|r|2 dθr

dE
+ |t|2 dθt

dE
+
m0|r|
ℏk2

sin(θr)

]
(5.71)

which indicates that the final term is the quantum interference effects correction term

to the semi-classical formula. sin(θr) goes to zero, and the textbook FSR is recovered if

we take into account a semi-classical regime in which the electron behaves like a classical

particle. Taking ensemble averaging that removes any dependence on sin(θr) and effec-

tively causes the system to behave semi-classically is one way to realize the semi-classical

regime. Speaking of a purely quantum system, we can observe a semi-classical behaviour

as |r| → 0 without resorting to statistical mechanics concepts such as ensemble averaging.

A quantum particle above the barrier may be fully reflected back in what is referred to

as the WKB regime if the scale at which the potential varies is substantially larger than

the quantum particle’s wavelength. We will discuss a scenario where |r| → 0, but the

correction term goes to zero because sin(θr) = 0. This can only be obtained in a purely
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quantum regime if the evanescent modes are properly taken into account; in a quantum

regime, the semi-classical formula becomes exact. When we need to compute the deriva-

tives and make minor adjustments to the incident energy, as we can see in Eq.(5.70),

semi-classical formulas are always simple to work with. So, an experimentalist or theorist

can benefit greatly if a semi-classical formula becomes exact in a quantum regime. Even

though we have shown that Eq.(5.70) can become exact in a quantum regime, we will

continue to refer to it as the semi-classical formula, see [67].

5.4 Burgers circuit

A Burgers circuit is about phase changes and lapses being determined by phase singular-

ities, and an Argand diagram is a plot of the real versus imaginary parts of an analytic

complex function. I is a topological quantum number that is always conserved in an in-

teraction given a complex function t and a phase singularity in its complex plane. Since

I am a sign, I can also be +1, -1, or 0. According to M.V. Berry (1998) [71], for a

generalized “Burgers circuit” (BC), ∮
C

dϕ = 2πI (5.72)

Here, ϕ = arctan
[
Im(t)
Re(t)

]
. C stands for contour. I is 0 if the phase singularity is not

enclosed by the contour C. The value of I is −1 when the contour C enclosing a phase

singularity is in a clockwise direction, and +1 when it is in a counterclockwise direction.

A scattering matrix element is a complex function that can be represented by an Argand

diagram and used to apply the Burgers circuit principle. When we refer to the scattering

matrix element in the remaining sections of this chapter, we mean the scattering matrix

element of a quantum mechanical particle, such as an electron. When the incident energy

of the scattering particle increases, the Argand diagram for a scattering matrix element

typically goes counter-clockwise. At the phase singularity, Re(t) = 0 and Im(t) = 0,

implying the phase singularity is at the origin.

We will show that the scattering phase shift behaviour of various experimentally and

theoretically studied systems can be understood from the Argand diagrams analytically.

Each such system has its own peculiarities and therefore required to be understood with

rigorous mathematical principles like Burgers circuit and Argand diagram. Argand dia-

gram for the scattering matrix element of these systems can be classified in universality

classes as, a) Argand diagram is closed, b) Argand diagram is open, c) Argand diagram

encloses the phase singularity, d) Argand diagram does not enclose the phase singularity,

e) Argand diagram is simply connected and f) Argand diagram is multiply connected due

to the presence of sub-loops. Specific properties of the scatterer only matter to the ex-
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(0, 0) (a, 0)

eikx + r e−ikx
I

a eikx + b e−ikx
II

t eik(x−a)
III

U1(x) = Uo(x)

Figure 5.5: Schematic representation for scattering of electrons by a square well potential in one di-
mension. The direction of incident and transmitted electrons are represented by arrows. The solid line
represents a quantum wire with square well potential. The dashed lines represent the fact that the
quantum wire is connected to electron reservoirs via leads.

tent that the Argand diagram changes from one of these to another. Among them some

changes are topologically possible and others are not. Understanding how an Argand

diagram changes from one to the other explains most of the puzzles.

5.5 Square well potential in one dimension

Let us first consider scattering by a square well function potential in one dimension

(1D) schematically shown in figure 5.5. This potential shows same result as Dirac delta

potential in U. Satpathi and P. Singha Deo, IJMPB 26 1250028 (2012) [55]. Although

a simple potential, it exhibits pronounced Breit-Wigner (BW) resonances. We will use

Eq.(5.72) to understand the scattering phase shift for this system and hence for BW

resonances. The scattering potential for this system can be written as,

U1(x) = U0(x) (5.73)

The wave function in different regions marked I, II and III are (see figure 5.5),

ψ(x) =


eikx + re−ikx, for x < 0,

a eikx + b e−ikx, for 0 ≤ x ≤ a,

teik(x−a), for x > a.

Here, r and t are the reflection and transmission amplitudes, k =
√

2m0e0
ℏ2 E is the wave

vector and E is incident Fermi energy. t =| t | eiθt , where, θt = arctan Im(t)
Re(t)

is transmission

phase shift and |t| =
√

Im(t)2 +Re(t)2 is transmission modulus. The Argand diagram

for t is shown in figure 5.6, where energy is varied to remain within the first Riemann
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Figure 5.6: Argand diagram for transmission amplitude for the square well potential using parameters
e0U1a = e0U1a = 40, a = 1, e0 = 1, 2m0e0 = 1 and ℏ = 1. The Dirac delta potential also shows the
same result, as mentioned in U. Satpathi and P. Singha Deo, IJMPB 26 1250028 (2012) [9, 55].

Figure 5.7: Plot of transmission phase shift θt versus ka, for the square well potential using parameters
e0U1a = e0U1a = 40, a = 1, e0 = 1, 2m0e0 = 1 and ℏ = 1. This result also smiliar to U. Satpathi and P.
Singha Deo, IJMPB 26 1250028 (2012) [9, 55].

surface. There is a phase singularity at the origin where t = 0. The Argand diagram

encloses the singularity but is not closed in the first Riemann surface. Figures 5.7 and

5.8 show the transmission phase shift θt and the transmission coefficient |t|2, respectively,
as a function of ka, using the same parameters as in figure 5.6.

In figure 5.6, the contour starts from the origin where E = 0, goes first through point

P and then through Q,R and S. The trajectory facing the singular point at the origin is

concave throughout the phase increases continuously. This is evident in figure 5.7 where

the points P,Q,R and S are also shown at their respective values of ka. As the trajectory

comes closer to the point of phase singularity, phase changes are very small and energy

cost is very high. In figure 5.6, the energy at the points marked P,Q,R and S are 8.614a,

9.12a, 23.61a and 37.58a. Thus, the energy change in going from P to Q (a large arc in

the trajectory in figure 5.6) is very small, whereas the energy change in going from Q to

R (a small arc in the trajectory in figure 5.6 is very high). The point R is very close to

the singular point. Thus, it costs a lot of energy as the Argand diagram trajectory tries

to approach the point of phase singularity.
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Figure 5.8: Plot of transmission coefficient |t|2 versus ka, for the square well potential using parameters
e0U1a = e0U1a = 40, a = 1, e0 = 1, 2m0e0 = 1 and ℏ = 1. This graph is similar to U. Satpathi and P.
Singha Deo, IJMPB 26 1250028 (2012) [9, 55].

The fact that partial density of states (PDOS) can be determined exactly from semi-

classical formula at the Fano resonances can be very useful. Because an experimentalist

can just vary the Fermi energy of the incident particle in a typical mesoscopic scattering

scenario and measure the scattering phase shift as was demonstrated by [29]. From the

energy derivative of the phase shift the PDOS can be determined without any knowledge

of the exact potential profile and impurity configuration inside the system. Thus, several

objects in the hierarchy of DOS that determine thermodynamic and transport properties

of the sample can be known. This will be specially useful because mesoscopic systems

are not in the ergodic regime allowing us to average over impurity configurations.

5.6 Delta function potential in quasi-1D

We cannot solve the multichannel case (apart from truncating the series of evanescent

modes and applying numerical techniques) for any potential except for the case described

in this section. However, our main results can be proved generally using mathematical

theorems and principles for any potential and this will be presented in the next two

chapters.

Here, we will study the two propagating channel (with arbitrary number of evanescent

channel) case for a particular potential, i.e., Ug(x, y) = γδ(x)δ(y − yi), because it can

be exactly solved and certain facts can be exhibited explicitly. In figure 5.9, the shaded

region of figure 5.1 reduces to give a two-dimensional quantum wire with a delta function

potential at position (0, yi) marked X. The dashed lines in figure 5.9 represent the fact

that the quantum wire is connected to electron reservoirs.

We will first calculate this injectance from internal wave function ψ(x, y, 1) which

allows one to make numerical verification of the semi-classical formulas in Eqs.(5.1) and

(5.6), along with their correction terms in Eqs.(5.5) and (5.8). We know that when
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y = −W
2

y = W
2

Left Right

eik1x + r11 e
−ik1x t11e

ik1x(0, yi)

Figure 5.9: A Dirac delta function potential is shown in a quantum wire. In this figure, the shaded region
of figure 5.1 reduces to give a two-dimensional quantum wire with a delta function potential. The cross
sign shows the delta function potential at (0, yi). The width in y-direction is shown from y = −W

2 to

y = W
2 . Incident and transmitted wave packets are shown with solid arrows. The dashed lines represent

the fact that the quantum wire is connected to electron reservoirs.

incidence is along n=1 channel

ρ(1, E) =

∫ ∞

−∞
dx

∫ W
2

−W
2

dy
∑
k1

| ψ(x, y, 1) |2 δ(E − E1,k1) (5.74)

Here, E1,k1 is the energy of the incident electron along channel n = 1 with wave vector

kn=1 or k1. Summing over n one can get the standard expression for DOS according to

spectral theorem. Note that although k1 can vary continuously, one can write sum over

k1 precisely because of the spectral theorem. One can write for the system represented

in figure 5.9 [57] when incidence is along n=1 channel

ψ(x, y, 1) =
∑
m

fm(x, 1)χm(y) (5.75)

Here, χm(y)s are solutions in Eq.(5.15) in the leads in the transverse direction which is

an infinite square well potential in y-direction. χm(y)s form a complete set and Eq.(5.75)

is derived from the fact that at a given point x, the wave function in the scattering region

can be expanded in terms of χm(y)s. We will present our results for the case of two

propagating channels but the analysis and results are same for any number of channels.

fms are generally of the form given below,

f1(x, 1) =

eik1x + r11e
−ik1x for x < 0

t11e
ik1x for x > 0

(5.76)

f2(x, 1) =

r21e−ik2x for x < 0

t21e
ik2x for x > 0

(5.77)

and for m > 2, fm(x, 1) =

rm1e
κmx for x < 0

t′m1e
−κmx for x > 0

(5.78)
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and for m > 2, fm(x, 1) =

rm1e
κmx for x < 0

t′m1e
−κmx for x > 0

(5.79)

For m > 2, (εm−E) = ℏ2κ2m
2m0

, κm being positive define evanescent modes as now E < εm.

rmn, tmn, r
′
mn and t′mn are unknowns to be determined. The scattering problem described

above can be solved using mode matching technique. The reflection amplitudes are given

by [57],

rmn(E) = −
i Γmn

2
√
kmkn

1 +
∑

e
Γee

2ke
+ i
∑

m
Γmm

2km

(5.80)

Γmn is the coupling strength between mth and nth modes, given by

Γmn = γ sin

(
mπ

W
(yi +

W

2
)

)
sin

(
nπ

W
(yi +

W

2
)

)
(5.81)

The transmission amplitudes are given by

tmn = rmn(E) for m ̸= n (5.82)

and tmm(E) = 1 + rmm(E) (5.83)

Along the same line one can show that

r′m1 = t′m1(E) = −
Γm1

2κm

1 +
∑

e
Γee

2ke
+ i(Γ11

2k1
+ Γ22

2k2
)

(5.84)

∑
e denote sum over evanescent modes and run from m =3 to ∞, while

∑
m denote the

same for propagating modes (i.e., m = 1 and m = 2). If the delta function potential is

negative (γ < 0), then there can be bound states as argued before. As explained in figure

5.4 it will always be a quasi-bound state. The quasi-bound state for channel m = s ≥ 2

is given by [57],

1 +
∞∑
e=s

Γee
2ke

= 0 (5.85)

Only bound state for m = 1 channel is a true bound state and it is given by the solution

to the following equation, 1 +
∑∞

e=1
Γee

2ke
= 0. The bound state for m = 2 is given by

1 +
∞∑
e=2

Γee
2ke

= 0 (5.86)

At this energy, we get a bound state for m = 2, but at that very energy m = 1 channel

(or k1 channel) is a propagating channel as can be seen in Eq.(5.42). Hence, the bound

state given by this Eq.(5.86) is a quasi-bound state or a resonance. The delta function
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in Eq.(5.74) summed over k1 essentially yield a factor 1
hv1

, where v1 =
ℏk1
m
. Substituting

for ψ(x, y, 1) from Eq.(5.75) and using the orthogonality of χm(y)s, we get,

ρ(E, 1) =
1

hv1

[∫ ∞

−∞
dx
∑
m

| fm(x, 1) |2
]

(5.87)

=
1

hv1

[∫ ∞

−∞
dx | f1(x, 1) |2 +

∫ ∞

−∞
dx | f2(x, 1) |2 +∫ ∞

−∞
dx | f3(x, 1) |2 +

∫ ∞

−∞
dx | f4(x, 1) |2 +....

]
(5.88)

Substituting the values of fm(x, 1)s from Eqs.(5.76)-(5.79), we get

ρ(E, 1) =
1

hv1

[∫ 0

−∞
dx [1+ | r11 |2 +2 | r11 | cos(2k1x+ ϕ1)]

+

∫ ∞

0

dx | t11 |2 +
∫ 0

−∞
dx | r21 |2 +

∫ ∞

0

dx | t21 |2 +H
]

(5.89)

Here, r11 =| r11 | e−iϕ1 . Note that for m > 2,

H =

∫ ∞

−∞
dx
∑
m>2

| fm(x, 1) |2 =
∑
m>2

| t′m1 |2
[∫ 0

−∞
e2κmxdx+

∫ ∞

0

e−2κmxdx

]

=
∑
m>2

| t′m1 |2

κm
(5.90)

Thus,

ρ(E, 1) =
1+ | r11 |2 + | r21 |2

hv1

∫ 0

−∞
dx+

| t11 |2 + | t21 |2

hv1

∫ ∞

0

dx

+
2 | r11 |
hv1

∫ 0

−∞
dx cos(2k1x+ ϕ1) +

1

hv1

(
| t′31 |2

κ3
+

| t′41 |2

κ4
+ ...

)
(5.91)

Adding and subtracting the following terms,

| t11 |2

hv1

∫ 0

−∞
dx,

| t21 |2

hv1

∫ 0

−∞
dx

and using the fact that,
| t11 |2

hv1

∫ 0

−∞
dx =

| t11 |2

hv1

∫ ∞

0

dx
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Figure 5.10: The plot is of injectance versus incident energy EW . We have used e0γW = −15, and
yi = 0.45W . The figure shows that semi-classical formula becomes exact at resonance where there is a
peak in injectance. Injectance of first transverse mode is less than that of the second. This result is in
U. Satpathi and P. Singha Deo, IJMPB 26 1250028 (2012) [9, 55].

and | r11 |2 + | r21 |2 + | t11 |2 + | t21 |2= 1, we get,

ρ(E, 1) =
1

hv1

∫ ∞

−∞
dx+

| r11 |
hv1

∫ ∞

−∞
dx cos(2k1x+ ϕ1) +

1

hv1

(
| t′31 |2

κ3
+

| t′41 |2

κ4
+ ......

)
(5.92)

1
hv1

∫∞
−∞ dx = P0(E) is the injectance in the absence of scatterer. Again if the scattering

phase shift is defined with respect to the phase shift in absence of scatterer then this term

can be dropped as shown in Eqs.(3.75) and (3.78) in [9]. Now,∫ ∞

−∞
dx cos(2k1x+ ϕ1) = δ(2k1) cos(ϕ1)

As k1 = 0 is not a propagating state contributing to transport, this term in Eq.(5.92)

becomes zero, and we are left with,

ρ(E, 1) =
1

hv1

(
| t′31 |2

κ3
+

| t′41 |2

κ4
+ ......

)
(5.93)

Similarly, for incidence along channel 2, one can obtain the injectance.

ρ(E, 2) =
1

hv2

(
| t′32 |2

κ3
+

| t′42 |2

κ4
+ ........

)
(5.94)

In figure 5.10, we make a comparison between the semi-classical injectance ρ(E, 1)

(solid curve) from Eq.(5.1) and the same from the exact formula in Eq.(5.93) (dash-dot

curve). The resonance condition in Eq.(5.86) is satisfied at EW = 84.29 at which the
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Figure 5.11: Here, we plot reflection phase shift θr11 (dashed curve) and transmission phase shift θt11
(solid curve) versus incident energy for the same parameter values as in figure 5.10. The figure shows that
the scattering phase shifts become simultaneously zero at the resonance while being out of phase for the
rest of the energy regime. And so the initial phase of the wave function which is usually undetermined
do not play a role. That initial phase can be absorbed in θr11 to give the same conclusion. This result
is also in U. Satpathi and P. Singha Deo, IJMPB 26 1250028 (2012) [9, 55].

injectance peaks. Surprisingly, at the resonance the semi-classical formula becomes exact.

The same happens for ρ(E, 2) for which the semi-classical formula in Eq.(5.6) gives the

dotted curve and the exact formula in Eq.(5.94) gives the dashed curve. That this is not a

special situation for the delta function potential but a general feature of Fano resonances

will be shown in the next chapter. We have also stated earlier that the exactness of a

semi-classical formula can find applications which will be further elaborated in the next

two chapters.

It is to be noted that that the semi-classical formula becomes exact (not a good

approximation but exact) in a quantum regime which will be proved in the next two

chapters and physical reasons will be given. But here we demonstrate in figure 5.11,

plotted for the same parameters as in figure 5.10, the fact that at the resonance EW =

84.29 the phase fluctuations maximise. However, at the resonance the correction term

goes to zero as θr11 goes to zero resulting in sin(θr11) becoming zero in Eq.(5.5). The

same happens for θr22 . Hence, this situation is different from what was thought earlier

that only in the semi-classical regime when |r11|2 becomes negligible, the correction term

can be ignored. In a semi-classical regime, a particle is expected to behave like a classical

particle which is entirely transmitted. This chapter is discussed in [9, 55].



CHAPTER 6

EXPERIMENTAL MANIFESTATIONS OF

NEGATIVE LOCAL PARTIAL DENSITY

OF STATES

Time in quantum mechanics appear as a parameter and there is no self-adjoint time op-

erator consistently defined yet. This is not a serious problem, as experimentalists only

measure time intervals. This suits mesoscopic physics, wherein we have a system that

acts as a quantum scatterer coupled to reservoirs via perfectly conducting leads. The

reservoirs are completely thermalized and classical, and inside the reservoirs, time will be

just the classically recorded time. The reservoirs also ensure that states do not naturally

form linear superpositions in the leads, and this results in a textbook style scattering

phenomenon that can be studied by constructing an incident wave packet or plane par-

tial waves. The electron propagation from one lead to another takes place via scattering

through the sample, and this dynamics is purely guided by quantum mechanics. Thus, a

propagation or traversal time does not violate any principle. However, theoretical prob-

lems remain and that is what we intend to address in this chapter. Quantum mechanics

gives this measured time interval very correctly in the semi-classical limit [72]. The low

energy quantum limit is so far not understood in 1D, 2D and 3D since calculated time

interval is not always consistent with the Copenhagen interpretation of quantum mechan-

ics. It is known that quantum mechanics starts from a very different set of axioms and

does not have to respect theory of relativity within the single particle coherence length.

At the low energies of the mesoscopic systems, the Schrödinger equation determines the

dynamics within this single particle coherence length, and it is completely independent of

the speed of light. Beyond this coherence length, all phenomena have to respect a special

89
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theory of relativity, and information speed is limited by the speed of light. We go beyond

1D, 2D and 3D and look into quasi 1D (Q1D) in Chapter 5.

In [34], we have argued that the experimental data has to also be represented in the

form of Argand diagrams (ADs) so that we can see the loops and sub-loops, rather than

plotting scattering phase shifts and cross-sections separately. We can see in figure 5.6

and 5.7 that a small change in scattering cross-section is associated with a large change

(in quality and quantity) in phase shifts and vice versa. Data can be represented in

multiple ways but the ADs allow us to interpret in terms of topology and analysis which

goes beyond quantum mechanics. We believe there are many other subtle aspects in

ADs that are very informative and one has to study them in the future. To provide a

proper justification, we need more densely obtained experimental data plotted in the form

of ADs. Below, we talk about some other experiments that can be done with present-

day technologies that can tell us more about the hierarchy of density of states (DOS),

mesoscopic response, and time travel. This kind of experiment has already been done

but one has to redo them focusing on specific aspects to be highlighted below.

In Section 6.1, we describe an experimental setup of three-terminal in which lead

β serves as a weak coupling to the sample or voltage probe. Furthermore, we extend

our discussion on the same experimental setup, considering a theoretical 1D three-prong

potential. In Section 6.2, we predict the experimental results for three probe setup and

show in plots.

6.1 Three probe setup: a theoretical experiment

We consider a special case of the system which is shown in figure 4.2. We have only two

fixed leads and an scanning tunneling microscope (STM) tip making it a three probe

setup [8, 10, 11]. The STM tip is given a lead index β, and the fixed leads are indexed γ

and α, as shown in figure 6.1. The STM tip is such that we can vary its proximity to the

sample and thus can have four possible cases. The first case is that it does not make an

actual contact and also does not draw or deliver any current but can locally change the

electrostatic potential by δU(r) at a point r. The second case is that it does not make a

contact but can draw or deliver a current via weak coupling to the states of the system.

What it means is that the STM tip is weakly coupled to the states of the sample and

exchange of current do not alter the states of the sample to an approximation. The third

case is that it makes an actual contact and becomes like any other lead. The fourth is

that it makes a contact and yet does not draw or deliver a current because its chemical

potential is so adjusted. The fourth case is the typical situation of the Landauer-Büttiker

three probe conductance setup which is now well established as a mesoscopic phenomenon

greatly studied theoretically as well as experimentally [8, 10, 11]. We will first analyse
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Fermi level

µγ > 0

Fermi level
µα = 0

µβ = 0

β

r

Sample

Figure 6.1: This setup is simplest form of figure 4.2. In this figure, there are only two lead indicies α
and γ expect STM tip or lead β. This is a cartoon of a realistic experimental setup that help us measure
some of the lower members in the hierarchy of DOS. Let’s say chemical potential of lead α and γ are
µα and µγ , respectively. Lead β is being earthed, chemical potential of lead β, µβ , will be zero. Lead β
allows tunneling when it is brought to the local coordinate r. The chemical potential of lead γ is higher
than lead α and β. As one can see in this figure that chemical potential of lead α and β is zero. So,
current will go from lead γ to lead α, shown with arrow. Electrons are also allowed to go to lead β as
well. The wavy sign is shown for Fano resonance.

the second case with respect to negative density of states (DOS) object and show that it

is a paradigm to indirectly test time travel experimentally [9, 10, 11]. And then we will

show how these predictions naturally come up in well studied case four as well and were

not noticed before as the specific design was not considered.

We will first show how some of the lower objects of DOS can manifest in this experi-

mental setup of figure 6.1 that can be measured. Here, the sample is the shaded region

between the two leads that are indexed γ and α, while the STM tip is indexed β. We

have seen in Chapter 5 that such a realistic system can generally exhibit Fano resonances.

At zero temperature below the Fermi energy the transmission probability T of quantum

mechanics is h
e0

of electronic current (see Eq.(3.30)) at that particular energy E and that

is how the following formulas are to be interpreted. Let us consider the situation when the

tip of β is not making a physical contact with the sample but close enough to deliver (or

draw) a current to (or from) the sample due to weak coupling (case II). Experimentally,

we can create special situations when only one lead injects current and all other leads

carry current away or only one lead emits current while all other leads inject current.

Otherwise, current could be come from any lead and take away by any lead, and it is not

possible to trace which current goes where, but the following quantities that depend on

objects of the hierarchy of density of states can experimentally manifest [8].

T eβα = 4 π2 νβ |t|2ρi(E, r, α) (6.1a)

T iαβ = 4 π2 νβ |t|2ρe(E,α, r) (6.1b)

T eβγ = 4 π2 νβ |t|2ρi(E, r, γ) (6.1c)

T eγβ = 4 π2 νβ |t|2ρe(E, γ, r) (6.1d)

Let us interpret one of them; the rest can be similarly interpreted. In Eq.(6.1a), trans-
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mission probability T eβα is probability of lead β when lead α is injecting current at the

remote point r, and lead β is emitting current away from the sample. This quantity, T eβα,

is proportional to the injectivity of lead α to a remote point r, i.e., ρi(E, r, α). The νβ is

the density of states in lead β that couples with the quantum states of the sample that

coupling is represented by coupling strength parameter t. Eqs.(6.1a) and (6.1c) corre-

spond to current taken away by lead β and Eqs.(6.1b) and (6.1d) correspond to current

brought into the sample by lead β. In all these equations, we used |t|2, which can be

evaluated in principle. By taking a final state in the sample and an initial state in lead

β and then calculating an integration by time-independent Fermi’s golden rule. But we

are not interested in doing exact calculations, so we just used the parameter |t|2.

Let us now setup the biases in figure 6.1 correspond to the situation such that clas-

sically, electrons can be incident along only one lead γ and scattered to α or β. Lead β

is weakly coupled to the sample or shaded region in figure 6.1 in order to correspond to

second case of lead β. Let say chemical potential of left reservoir connected to lead γ be

µγ, and chemical potential of right reservoir connected to lead α be µα, and other end

of lead β is being earthed. Incident energy of electrons is such that 0 < µα < E < µγ,

only lead γ can inject current inside the sample. Such a setup can be obtained in the

laboratory and we want to address the coherent current flowing from γ to α. It was

shown [8] that in such a situation

|s′αγ|2 − |sαγ|2 = −4 π2 νβ |t|2 ρlpd(E,α, r, γ) (6.2)

Here, s′αγ is the scattering matrix element for scattering from γ to α when the STM tip is

drawing a current given by the term on RHS. s′αγ = sαγ is the scattering amplitude that

results from t → 0 removing the STM tip. Intuitively speaking, ρlpd is positive definite

and RHS is negative accounting for loss of coherent electrons to the earthed lead β. The

measured current between γ and α is |sαγ|2 multiplied by a factor h
e0

give the measured

mesoscopic current from lead γ to lead α. These scattering probabilities |s′αγ|2 and |sαγ|2

are very well defined in quantum mechanics and when multiplied by a factor h
e0

they give

the measured mesoscopic current from γ to α. One of the facts that has emerged from

the study of Fano resonances in this thesis is that ρlpd(E,α, r, γ) can be positive as well

as negative, implying that |s′αγ|2−|sαγ|2 can be also positive as well as negative according

to Eq.(6.2). When ρlpd(E,α, r, γ) is positive, then the sample will lose coherent current

to the earthed STM tip, and when it is negative, it will draw coherent current from the

earthed STM tip, which is counter-intuitive. As |s′αγ|2 and |sαγ|2 are both measurable and

so if the equality in Eq.(6.2) can be justified, then in relative proportions ρlpd(E,α, r, γ)

is also measurable which is good enough to confirm its sign. One may always try to

justify that from a brute force practical experiment, but we will show below that it can

be justified by what we call a theoretical experiment.
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We examine a system depicted in figure 6.2 as a theoretical experiment. Exact quan-

tum mechanical computations can be performed for this system, which shows pronounced

Fano resonances. As pointed out in Chapter 5, there are 6 universality classes based on

Argand diagram (AD). We have said how the topology of the complex plane of Im(sαγ)

versus Re(sαγ) give us these universality classes of Argand diagrams. Some of those

classes may not have examples, but a couple of them can be easily realised and happen

because of the nature of the resonances involved. For example, Breit-Wigner resonance

give AD that is not closed in one Riemann surface but goes round the singularity. We

know the system in figure 6.2 will produce an AD that has closed sub-loops within a

single Riemann surface that does not enclose the phase singularity as a consequence of

Fano resonance. Since it is a matter of finding a particular class of AD, one can study

a 1D system as a representative of a class. In this sense, the system in figure 6.1 at

Fano resonances with the modification that the upper lead is weakly coupled to earth

via a strong potential can be represented by the 1D system in figure 6.2. Besides, if

it is a question of whether local partial density of states is present at all in a quantum

system and more importantly whether its negativity is allowed in quantum mechanics,

then demonstrations in 1D quantum mechanics should suffice.

One has to further observe the fact that quantum mechanics is a theory for objects

to be found in nature but everything that can be calculated from quantum mechanics

may not be found in nature. Quantum mechanics does not prohibit the possibility of

calculating an object like ρlpd = − 1
2π

|s′αγ|2
δθsαγ

δU(r)
, but cannot asceratin its occurence in

nature. Such a coordinate dependent local partial density of states (LPDOS) cannot

be defined from the wave function at the point r and so cannot be reconciled with the

probabilistic interpretation of quantum mechanics. In quantum mechanics, an electron

coming from γ can go to the STM tip or to the lead α or can get reflected back rather

randomly, and there is no equation of motion for such an electron. Schrödinger equation

is an equation for an ensemble of electrons and gives a probabilistic answer of Tαγ = |sαγ|2

completely ignoring how the individual electrons are behaving. So within the axiomatic

framework of quantum mechanics, one cannot provide a quantitative or qualitative value

for the number of γ to α bound electrons that pass through the point r of the sample

and this has been discussed in detail in Chapter 4 while discussing Eqs.(4.25) and (4.26).

In short, the LHS of Eq.(6.2) is physical according to quantum mechanics but the RHS

is not. Suppose the system in figure 6.2 is configured in two different ways corresponding

to different values of U1. One is for primed terms and another is unprimed terms, where

|s31|2 = |t31|2, |s21|2 = |t21|2, |s11|2 = |r11|2, etc.

|s′31|2 + |s′21|2 + |s′11|2 = 1 (6.3)

|s31|2 + |s21|2 + |s11|2 = 1 (6.4)
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This is a consequence of unitarity or current conservation. With difference of primed

Eq.(6.3) and unprimed Eq.(6.4) current conservation, one gets

|s′31|2 − |s31|2 = |s21|2 − |s′21|2 + |s11|2 − |s′11|2 (6.5)

which means the LHS of Eq.(6.2) is well defined in quantum mechanics.

Larmor clock on the other hand uses analyticity of scattering matrix elements, and

gives ρlpd as a physical quantity that says number of electrons going from γ to α access

these partial states that are located at the point r. Thus, Eq.(6.2) given by Buttiker says

that in a quantum system, there is a local coordinate dependent DOS called local partial

density of states (LPDOS) that can manifest in experiments although the standard theory

of quantum mechanics says that is not possible. Existence of LPDOS failed to pass the

test for two reasons.

• The original derivation of LPDOS in Chapter 4 uses the analyticity property of

scattering matrix element but also has to use a number of ingredients from quantum

mechanics as well as classical mechanics, for example spin precession and Larmor

frequency.

• Also there was no way to reconcile the numerical values of LPDOS with Wigner

delay time (WDT) in general or in regimes when both of them become negative.

The issue of negativity was explained in [33, 34], chapter 6 of the textbook [9], as a

signature of time travel that manifests in complete consistency between Wigner delay

time (WDT) and local partial density of states (LPDOS) if one makes use of special

resonances called Fano resonances, which are easy to find in mesoscopic systems, as shown

in Chapter 5. Time travel experiments may still be difficult to conduct practically. While

the kinds of experiments schematically seen in figures 6.1 and 6.2 have been already done

in mesoscopic systems. The Schrödinger equation gives quantum states on an infinite

1D line with density of states (DOS) being 1
hv0

which is independent of whether of these

states are occupied by bosons or fermions and independent of temperature. Similarly, we

say that the STM tip has a DOS given by νβ and the point r in the sample with which

the STM tip interacts. Thus, there are two DOS featured in Eqs.(6.1a)-(6.1d). One is νβ

and another one is an r dependent DOS. Each DOS quantity contains a factor of 1
2π

that

cancels the factor of 4π2. This 1
2π

factor appears in Eq.(6.2). A simple interpretations

for these factors can be given as follows. Note that LHS in these Eq.(6.2) give a current

generated by a countable number of electrons while the states from a continuum to which

we can only assign a density called DOS in units of 2π ρ(E, γ), and the RHS in terms

of θsαγ (E) corresponding to a continuous relation. This is why we get a factor 2π on

the RHS of Eq.(5.72). Second, we remove a further factor |t|2 νβ from the same Eq.(6.2)

since these factors are only required when utilising a commercially available STM tip, in
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µ1 > 0

Lead 1
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I l2 l3
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l5V

Lead 2

t21V II
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U1 V I l6
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t31

IV
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Figure 6.2: The sample is the three prong potential of figure 5.6 in [9] shown by the solid lines and the
entire system consist of the sample connected to three reservoirs via three leads. Different regions of the
system is marked by Roman numbers, I, IV and V II being the leads, shown by dashed lines. There
is potetial U1 in region V I of 1D three-prong potential, elsewhere potential U is zero. Lead 2 is made
exactly like that in figure 5.6 [9] by earthing it and the chemical potential of lead 3 is also set to zero.
In that case for a small positive chemical potential will create a situation wherein only lead 1 inject a
current while the two other leads carry some current away from the sample. Lead 2 connects to the
sample through a tunneling barrier shown as region V I. Lengths of different regions is shown as l2, l3
etc. This system is a 1D version of the system in figure 6.1 where lead γ is renamed as lead 1, etc, and
as a result t31 = s31, t21 = s21, and r11 = s11, see [33].

which case the STM tip is characterised by this factor. For the system in figure 6.2, a

first principle calculation indicates that

|s′αγ|2 − |sαγ|2 = −2πρlpd(E,α, r, γ) (6.6)

Now correspond to figure 6.2

|t′31|2 − |t31|2 = −2πρlpd(E, 3, r, 1) (6.7)

6.2 Results and discussions

We plot AD for the scattering matrix element t31 for the theoretical mesoscopic setup

depicted in figure 6.2 by varying the tunneling potential U1, which links the three prong

potential with earthed lead 2. The AD diagram make smooth sub-loops within one

Riemann surface and each sub-loop is due to a Fano resonance. Any physical quantity

that depend on t31 will go through a cycle over one particular sub-loop. For one closed
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Figure 6.3: In this figure, we plot the Argand diagram for t31 of the system shown in figure 6.2 for
the coupling potential U1 varying in a range that give three sub-loops, all within one Riemann surface.
The starting point is marked by a small square block corresponds to e0U1l = −10000. The end point is
unmarked and corresponds to a value e0U1l = −10. All the sub-loops smoothly come back to a point
marked by a cross. Other parameters are mentioned inside the figure.

sub-loop generated by monotonously varying a parameter, say U1∮
c

∆θt31 = 0

here θt31 = arctan Im[t31]
Re[t31]

or

∮
c

δθt31
δU1(r)

∆U1(r) = 0 (6.8)

U1(r) being a localised potential at the point r.

or

∮
c

1

2π
|t31|2

δθt31
δU1(r)

∆U1(r) =0 (6.9)

or −
∮
c

ρlpd(E, 3, r, 1)δU1(r) =0 (6.10)

Similarly, over the same sub-loop for another value of U1(r)∮
c

δ|t′31|2

δU1(r)
∆U1(r) = 0∮
c

∆|t31|2 =0 (6.11)

Essentially,
∮
c
δ|Re[t31] + Im[t31]|2 = 0. Therefore, from Eq.(6.9) and (6.11), we get the



6.2. RESULTS AND DISCUSSIONS 97

Figure 6.4: In this figure, we are plotting the LHS and RHS of Eq.(6.14) vs kl to show that both physical
quantities can oscillate between positive and negative values. The primed and unprimed values are for
small differences in U1 at a k value that we vary continuously. The sign change and magnitude of both
the curves originate from the smooth cyclic Argand diagram of figure 6.3.

equality ∮
c

∆|t31|2 =
∮
c

1

2π
|t31|2

δθt31
δU1(r)

∆U1(r) = 0 (6.12)

purely as a consequence of the topology of a complex plane. The topology also tells that

for loops that are not completely closed in one Riemann surface like that in the case of

Briet-Wigner resonance in figure 6.5 (in this case system will considered like [11]), there

will be correction term that has been discussed in Chapter 5 of this thesis. Now one can

compare integrands in Eq.(6.12) we need extra

∆|t′31|2 ≈ |t31|2
δθt31
δU1(r)

∆U1(r) = 0 (6.13)

viewing a derivative as an effect of an infinitesimal change in U1, we get

|t′31|2 − |t31|2 ≈ |t′31|2(θt′31 − θt31) (6.14)

where primed quantities and unprimed quantities are calculated for an infinitesimal dif-

ference of U1. If we want to compare integrands then we can only write an approximate

equality because unlike in the case of Eq.(5.67) where we were comparing the same ob-

ject over two sub-loops that are counterparts of each other, here we are comparing two
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Figure 6.5: In this figure, we are plotting the LHS and RHS of Eq.(6.14) vs k l to show that both sides
of Eq.(6.2) do not oscillate between positive and negative values. The primed and unprimed values are
for small differences in U1 at a k value that we vary continuously. This curve has plotted in absence of
Fano resonance.

different objects over one sub-loop. There will always be in the least a phase difference

between the two quantities. From Eqs.(6.10) and (6.11) one gets∮
c

∆|t31|2 = −
∮
c

ρlpd(E, 3, r, 1)∆U1(r) = 0 (6.15)

Therefore, it is obvious that ∆|t31|2 will go through a positive-negative cycle over a closed

sub-loop as a consequence of the topology of the relevant complex plane. Given the fact

that LHS is physical, the cycles of ρlpd is also physical as they are just different expressions

of the same sub-loop made by the Argand diagram (AD) of t31. Fano resonances can be

used to give a clear indication of that although the principle works for other resonances.

In figure 6.4, we plot LHS and RHS of Eq.(6.14) where the primed values and unprimed

values are again for small differences in U1 as the incident wave vector k is varied and

that is the horizontal axis. It becomes clear that LHS and RHS of Eq.(6.14) oscillate

with positive and negative values. Initially, the two curves are a little different but as k

increases, effects of dispersion is minimized, and magnitudes of the two curves are similar

with a phase difference between them. The oscillations of both the curves are due to the

smooth cyclic nature of the AD in figure 6.3. In other words, the underlying principle

behind the oscillation of both curves is the same.

We are all along considering the temperature to be zero, wherein the number of

states is equal to the number of electrons, and in that case, it is easy to switch between

statistical mechanics at zero temperature and pure quantum behaviour. Now in statistical
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Figure 6.6: The role of lead β (an STM tip) is to inject or remove electrons from the system as well as
causing some decoherence. The STM tip makes an actual contact with the sample at point r and µβ is so
adjusted that there is no net current flowing through the STM tip but it can still cause decoherence. At
0oK, a current flows from lead γ to lead α in the energy interval (µγ − µα). One can put an Aharonov-
Bohm flux Φ through the sample which is very useful to separate coherent and incoherent effects. In this
setup, electrons are only allowed to lead α not to lead β from lead γ. The wavy sign is shown for Fano
resonance.

mechanics, we can change many parameters and study an observable current. In the

subsequent discussion, we will describe a setup that require us to tune and adjust the

chemical potential µβ of lead β. We focus on the situation shown in figure 6.6 where

we have also taken an applied Aharonov-Bohm flux as that helps separate coherent and

incoherent processes. Here, the reservoirs are explicitly shown as electron reservoirs with

definite chemical potentials µγ, µα and µβ. In a situation, wherein the probe β makes an

actual contact with the sample we get a three probe setup and also the probe β is made

like a voltage probe in the sense that its chemical potential is so adjusted that it does

not draw any net current from or into the system. This setup is ideal for studying the

celebrated Landauer-Büttiker three probe conductance given by [8]

G =− Gαγ −
GαβGβγ

Gβα + Gβγ
(6.16)

Here, Gαβ =
2e20
h

|sαβ|2 for α ̸= β etc. (6.17)

is the β to α conductannce. Eq.(6.16) can be rewritten in terms of the objects of the

hierarchy of density of states (DOS) given as [8]

G =
2e20
h

(
|sαγ|2 − 4π2|t|2ρlpd(E,α, r, γ) + 4π2|t|2ρe(α, r)ρi(r, γ)

ρld(r)

)
(6.18)

So the three terminal formula of Eq.(6.16) is now restated in the form of Eq.(6.18). We

will try to understand Eq.(6.18) when ρlpd is positive as that will naturally tell us what

will happen if it is designed to be negative. Note that in the above formula if the lead

β is completely removed then |t|2 = 0 and we will be left with only the first of the three

terms. This is the standard two probe Landauer conductance formula. The second term
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comes with a negative sign and accounts for the loss of coherent electrons due to the

lead β as can be concluded by comparing with the RHS of Eq.(6.2). This comparison

tells us that when lead β make an actual contact then νβ has no role and so in the three

probe Landauer conductance formula, only the density of states (DOS) of the incoming

lead matters. These lost coherent electrons would have escaped to the earthed lead in

case of figure 6.2 but now they are not escaping, as β is not drawing any net current.

Only those partial electrons, that are going from γ to α, coherently are targeted in both

the cases and hence this term depend on Aharonov-Bohm flux in the same way as |sαγ|2,
reducing the overall flux dependence of G in Eq.(6.18). Note that Eq.(6.18) also suggests

that while quantum mechanics is non-local, decoherence happens locally. Meaning an

STM tip attached to point r gives the last two terms on the RHS of Eq.(6.18) that does

not depend on any other point r′.

The lost electrons are momentarily incoherent particles at the point r and eventually

redistribute to γ and α. The question arises what will be the ratio of this redistribution

and this will again be determined by the objects of the hierarchy of density of states.

Redistribution contribution to G is the third term in Eq.(6.18) separately written below.

4π2|t|2ρe(α, r)ρi(r, γ)
ρld(r)

(6.19)

Note that this term, in Eq.(6.19), consists of the product of two separate probabilities as-

sociated with two independent processes. Each of the two separate processes are however

coherent, that is one coherent process gives a ρe(α, r) and the other gives ρi(r, γ). One is

an emissivity from r to α and the other an injectivity from γ to r. Essentially, a coherent

current loss from γ to α via r is compensated by a gain due to two coherent terms, one

from γ to r and the other from r to α, due to decoherence at the point r. Hence the

gain term and the loss term will be of opposite signs. To understand the denominator in

Eq.(6.19) let us consider the following. Total number of incoherent electrons at the point

r must be

4π2|t|2ρe(α, r)ρi(r, γ)
ρld(r)

+ 4π2|t|2ρe(γ, r)ρi(r, γ)
ρld(r)

(6.20)

Total number of incoherent electrons at the point r

4π2|t|2 (ρe(α, r) + ρe(γ, r)) ρi(r, γ)

ρld(r)
(6.21)

The first term in Eq.(6.20) is just the term in Eq.(6.19) and gives the fraction of incoherent

electrons at r that goes to α and the second term is that which goes to γ. Which means

Eq.(6.21) give the total incoherent electrons at the point r originating due to the loss of γ

to α coherent electrons contributing to the 2nd term on the RHS of Eq.(6.18). Therefore,
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in a situation when lead β is not drawing or delivering current, the quantity in Eq.(6.21)

will be equal and opposite to the second term on the RHS of Eq.(6.18). This however is

not a mathematical equality but an equality due to the balancing act of µβ. The second

term in Eq.(6.18) is independent of µβ and the balancing act of µβ make Eq.(6.21) equal

to it. Given the fact that ρe(α, r) + ρe(γ, r) = ρld(r), Eq.(6.21) is simply proportional to

ρi(r, γ). Essentially the emissivity of the point r to all possible outgoing channels is the

local density of states at the point r. This ρi(r, γ) is the quantity that has to be balanced

against the chemical potential of the lead β at all flux so that lead β does not draw or

deliver any net current. This is a situation wherein we are at 0oK and in the regime of

incident energy E being such that µγ > E > µα. In this regime, there is no injectivity

from lead α and so only the injectivity of lead γ matters.

So if local partial density of states (ρlpd) is made negative then the RHS in Eq.(6.2)

becomes positive implying the system draws in coherent electrons to the point r instead

of loosing them. This can be also interpreted as loosing coherent electrons in reverse time.

Thus, in that case, the lead β can enhance coherence. The same signature can also be seen

from Eq.(6.18) which too can be experimentally verified. Also if the second term on the

RHS in Eq.(6.18) becomes positive then ρi(r, γ) becomes negative which can be verified

by the way one has to balance µβ. A negative number of states accommodating negatively

charged electrons can behave as a positive charge cloud. If it can attract one electron,

it can also attract another electron and thus mediate an electron-electron attraction.

We have thereby alternately justified Eqs.(6.2) and (6.18) purely from analyticity and

topology of complex plane. Quantum mechanics is an axiomatic framework or a model

that is artificially tuned to explain a variety of physical phenomenon. We can say from

Goedel’s incompleteness theorem that there can be some more facts and phenomena that

can be physically seen in quantum systems but never pop up in the axiomatic framework.

Therefore, it is not a surprize that ρlpd cannot be explained by quantum mechanics but

is very much present in a quantum system. The reason why asymptotic solutions of the

Schrödinger equation can be used to calculate ρlpd, is because after all the Hilbert space

is isomorphic to the complex plane and has to respect the topology of the complex plane.

Within the model, we can talk about precession of a spin or a small time-dependent

potential on top of the static potential U(r) [72], the outcome of something that we can

calculate from the model has to respect the topology of the complex plane. We have also

established that the equality in Eq.(6.2) and (6.18) will be approximate equalities. This

work is published in [10, 11].
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CHAPTER 7

TIME REVERSED STATES IN BARRIER

TUNNELING

One of the most mysterious aspects of quantum physics is the existence of evanescent

modes, which is situation in which a particle with energy less than the barrier height

can tunnel through the barrier without a classical equivalent. While electromagnetic

wave packets have mathematical analogies, but physical interpretations pose a searious

challenge. One cannot create a wave packet with such evanescent states and therefore it

is difficult to define propagation of the particle under the barrier. Tunneling time [73] is

one of the elements of states under the barrier that have been studied as a result of this.

Since a group velocity cannot be defined in the absence of a wave packet, solving the issue

produced multiple conundrums [60]. It is challenging to interpret experiments when a

suitable theory or formalism is absent [72]. Physical clocks such as the Larmor clock and

Wigner delay time can be used to solve the problem, although doing so always resorts to

semi-classical ideas like spin precession and stationary phase approximations [8, 9, 16].

The Feynman path approach has also been applied [72] and different approaches give

different results. The Hartman effect-like phenomena [58, 59] show that a tunneling

particle can come out of the barrier before entering it which raises questions about whether

propagation occurs under the barrier at all. Here, we outline a scenario in which a

theoretical experiment could be conducted to verify current resulting from evanescent

modes and, thus, determine propagation under the barrier. It will also serve as a testing

ground for physical clocks, such as the Larmor clock. Of course, one way to validate

Larmor clock is to appeal to Burgers circuit and analyticity, which we have done. Even

if one is unable to demonstrate the existence of current under the barrier solely by the

application of quantum mechanics, there is no harm in providing an alternative validation

by demonstrating that the measurable quantity may be created from the analyticity

103
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of scattering matrix elements. We will utilise the setup outlined in the Section 7.1.

We restrict ourselves to the most simple system of 1D rings due to the intricacy of

physical interpretations. As previously stated in Chapter 3, the sample in the form of

a 1D quantum ring does not represent a loss of generality. Experimentally, 1D rings

may be produced with materials whose effective mass approximation works and lateral

confinement [2]. Furthermore, it is possible to create finite thickness rings made up of

numerous independent 1D channels. Multiple channels can exist in a finite thickness lead

or ring, but the density of states (DOS) per channel is just the 1D density of states that

can be obtained in an experiment using sub-band quantisation [32].

In Section 7.1, we provide an experimental setup of 1D quantum ring, to verify the

existence of tunneling current under the barrier. In Section 7.2, we also discuss theoreti-

cal treatment of mesoscopic system with two alternate approaches. One is Larmor clock

theory, and another is quantum mechanical theory. This section also formulates evanes-

cent current expression and density of states from quantum mechanical theory which

are consistent with Larmor clock theory. These consistencies is shown and discussed in

Section 7.3.

7.1 The setup

We will first provide a simple description of the mesoscopic setup, and then discuss

how this setup helps us address the problems discussed in the previous paragraph. The

mesoscopic sample is taken to be a ring pierced by a magnetic flux Φ through the center

of the ring such that there is no magnetic field on the electrons confined to the ring.

The ring is usually made up of gold, copper, or semiconductors that can accommodate

an electron gas. We are interested in the equilibrium response of this sample, which

in this case is response to a magnetic field. There is a reservoir shown as a 3D block,

which is a source of electrons at chemical potential µ and temperature T , making it

a grand canonical system. The reservoir injects electrons to the sample or to the ring

through a lead, as shown as region A. The ring can thus exchange electrons with the

reservoir through the lead. This exchange does not result in a net current in the lead

because electrons that go into the ring also come out of it and escape to the classical

reservoir which is very typical of a voltage probe. The system, therefore, constitutes an

equilibrium system where the reservoir also acts as a source of decoherence according to

the Landauer-Büttiker formalism [44, 45, 46, 47, 48, 49]. The electrons in the lead and

inside the ring are purely described by quantum mechanics. If the ring is isolated, then it

will have some eigenfunctions and eigenenergies that were obtained from the Schrödinger

equation and shown in figure 2.3 of [9]. But once connected to the reservoir, the states in

the ring will be affected. They will no longer be eigenstates of the Hamiltonian and the
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Figure 7.1: A typical mesoscopic grand canonical system is shown in equilibrium and described in detail
in Section 7.2. The 3D block is electron reservoir with chemical potential µ and temperature T . The
system is 1D quantum ring (pink colour) which is connected to 3D block or electron reservoir via lead.
Lead is quanum wire. Aharonnov-Bohm (AB) flux Φ is applied at the center of the ring which is confined
inside of the ring. It induces persistent current in the ring. The wide region C of the ring is shown with
potential. This region C can be extended to all over the region of the ring or can be confiend in some
part of the ring. The probability current in region B is well known in quantum mechanics textbooks but
tunneling current (E < e0 U) for region C is unknown. In ring, we use quantum mechanical theory in
order to derive current and density of states for tunneling region. One can measure this tunneling current
using magneto devices placing much above from ring so that measurement devices cannot entangle with
quantum ring. Theoretically, we use Larmor clock theory in region A or lead which uses analyticity of
scattering matrix element (which is reflection in this case) and gives exactly the same result what we get
from quantum mechanical theory.

eigenenergies will acquire some broadening due to life time related effects as the states

can now leak into the reservoir. One can use a setup to control the broadening and

recover the results obtained from the spectrum shown in figure 2.3. of [9]. The states in

the lead is unaffected by the ring because it is an ideal 1D system with a typical DOS

is given by 1
hv0

. A part of the ring (region C) in figure 7.1 has a potential U that is

shown as a thickened line. U can be so adjusted that an electron can tunnel through this

region C. This region C can be extended to the entire ring wherein the entire ring can be

made into a tunneling region. We know the Aharonov-Bohm flux can drive a persistent

current in the ring and this current can thus be a tunneling current in part of the ring

or in the entire ring. This allows us to extend the theoretical consistency of quantum

currents to the tunneling regime. We have shown in Eq.(7.15) that one has to follow

a different approach under the barrier using analytic continuity that does not lead to a

straightforward probabilistic interpretation of quantum mechanical currents. When the

barrier is located only in a part of the ring, then the persistent current in the ring can

flow in a quantum state that is partly in the propagating regime (for example, in the

region B in figure 7.1) and partly in the evanescent regime (for example, in the region

C in figure 7.1). Consistency between them has to conserve the current at the point of
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propagating to evanescent crossover at the junction between regions B and C, there being

no puzzle about the current in region B. For resolving the puzzle of current in region C we

have put forward an expression in Eq.(7.15) that follow from a different approach under

the barrier using analytic continuity that does not lead to a straightforward probabilistic

interpretation of quantum mechanical currents. Also such an analytic continuation does

not preserve the structure of Hilbert space.

Apart from the consistency check, the primary advantage of theoretically studying

such mesoscopic tunneling currents is that there are alternate theoretical formalisms

in mesoscopic regime to verify the existence of currents inside the system under the

barrier from propagating asymptotic states far from the barrier. That means there are

theoretical cross checks for propagation under the barrier without studying the states

under the barrier. Thus, observations and calculations on current under the barrier can

help us support or eliminate ideas. In short, there are asymptotic states for the current

carrying states in the ring and one can determine the current in the ring from these

asymptotic states [74, 75], that is again similar to the Larmor clock. One can make the

entire ring to be in the evanescent regime and the currents due to evanescent states has

to be consistent with the asymptotic theory. A cartoon observer is shown in region A or

lead of figure 7.1 and another cartoon observer is shown inside the ring. Observer A need

not have any idea about the potential inside the ring. This observer does not know if the

tunneling region extend over the entire ring or only a part of the ring. This observer only

needs to know the infinitesimal change of dU = ϵ, without any knowledge of U . He can

measure the scattering phase shift (a theoretical measurement using analysis) in the wave

function in the lead and from there infer the current inside the ring from the analyticity

of the scattering matrix elements. Observer A can vary the incident energy and check

the analyticity of scattering matrix elements from Eqs.(7.3) and (7.4). The observer B

in the ring can extend or shrink the tunneling region and also determine the tunneling

current from the analytic continuation of the internal wave function which is an unsettled

issue in quantum mechanics. If the two measurements agree then the measurement by

observer in the ring has to be theoretically correct.

In terms of practical measurements, there are problems associated with measuring

tunneling currents in quantum mechanics and whatever we know about quantum mea-

surements through an entanglement of sample states with the states of the detector do

not apply for evanescent modes. One can also not measure tunneling currents classically

as that will require the detector to be placed under the barrier and classical detectors can

not work under the barrier. These problems can be avoided in the above described meso-

scopic setup. Because such currents can also cause magnetisation that can be observed

in a practical experiment for further validation. This magnetisation can be measured

without disturbing the state in the system and thus not invoking the unresolved issues
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Figure 7.2: The same ring as in figure 7.1 is depicted here where the lead is shown by region 0, and
one can clearly see three regions of length l1, l2 and l3 marked inside the ring and called regions I, II
and III respectively. The total length of the ring is L = l1 + l2 + l3. The region II has a potential U
and so this region is depicted by thick lines. Elsewhere the potential is zero. The ring is pierced by an
Aharonov-Bohm (AB) flux Φ but the wave functions in the different regions is depicted for zero flux.
For non-zero flux we will typically include the Aharonov-Bohm effect through the boundary conditions
with the help of the parameters α, β and γ to be explained later. In this figure, α, β and γ are the
AB phase for traversing region I, II and III, respectively. These phases appear in boundary conditions
although the observable quantities like current can only depend on α + β + γ = 2πΦ

Φ0
= Φ′ (say). The

choice of coordinates with their origin is depicted in the figure. µ and T are the chemical potential and
temperature of the reservoir, respectively.

of quantum measurement. In mesoscopic systems, electrons are quantum mechanical but

fields are classical. We can measure the magnetisation due to the currents classically

using hall magnetometers or squids remotely. This is why figure 7.1 shows a detector to

measure magnetisation, placed above the ring. Thus, currents due to evanescent modes

inside a ring can be measured non-invasively without encountering the above mentioned

problems of quantum measurement. So it makes a lot of sense to study persistent currents

due to evanescent modes inside the ring in the setup of figure 7.1.

7.2 Theoretical treatment

In figure 7.2, we redraw the system in figure 7.1 in order to depict the parameters used

and the wave functions in the different regions for which the details can be seen in the

figure caption. Here, the reservoir is shown as an irregular thick line on the left. Region

A of figure 7.1 is called region 0 and the three regions in the ring are labelled I, II and

III. The Schrödinger equation in 1D is

−ℏ2

2m0

d2ψ(x)

dx2
+ U(x)ψ(x) = Eψ(x) (7.1)



108 CHAPTER 7. TIME REVERSED STATES IN BARRIER TUNNELING

The solutions of Schrödinger equation in region 0 (or lead), region I, region II and region

III of figure 7.2 give the wave functions in absence of magnetic field as

ψ0 =
1√
k
(eikx +Re−ikx) (7.2)

ψI =
1√
k
(aeikx1 + be−ikx1) (7.3)

ψII =
1
√
q
(ceiqx2 + de−iqx2) (7.4)

ψIII =
1√
k
(feikx3 + ge−ikx3) (7.5)

Here,

q =

[
2m0

ℏ2
(E − U)

]1/2
and k =

[
2m0

ℏ2
E

]1/2
(7.6)

This kind of normalisation constants 1√
k
and 1√

q
are very special to mesoscopic systems.

Differential current density for region I, without potential, will be (see Eq.(3.46))

dJ(k,Φ) =
e0
h

[
|a|2 − |b|2

]
dE (7.7)

If E > e0 U , then the current in the system or in the region I, in the region II and in the

region III will be given by e0ℏ
m0

(|a|2−|b|2), e0ℏ
m0

(|c|2−|d|2) and e0ℏ
m0

(|f |2−|g|2), respectively,
and this follows from the standard definition of quantum mechanical current even in the

presence of flux Φ. Continuity of current implies that they are all equal. In absence of flux

a, c and f are the amplitude of clockwise moving electrons and b, d and g are the same

amplitude of anticlockwise electrons and they can only differ by a relative phase because

none of them is preferred over the other. So (|a|2 − |b|2) is the difference between the

number of electrons moving clockwise and those moving anticlockwise in region I and that

constitutes a current. Flux breaks this symmetry so that (|a|2 − |b|2) is the difference

between the number of electrons moving clockwise and those moving anticlockwise in

region I and that constitutes a current. This means that when Φ is zero then there is no

current in the system as is expected for an equilibrium situation. However for Φ ̸= 0 the

current is finite. It is an equilibrium current called persistent current, purely quantum

mechanical current.

Here, we would like to note that an interesting situation occurs when E < e0 U in

Eqs.(7.4) and (7.6). Then, the persistent current is carried by evanescent modes. In this

situation, q → is and the expression for the current can be derived using the same scheme

as before. Which means we substitute q −→ is and from Eqs.(7.4) and (7.6), ψII and k

become

ψII =
1√
iκ
(fei(iκ)x4 + ge−i(iκ)x4) (7.8)
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q = i

[
2m0

ℏ2
(U − E)

]1/2
= iκ (7.9)

When E < e0 U , the probability current density in region II from Eq.(7.8) can be written

as

J =
e0ℏ
2m0i

[
ψ∗
I∆ψI + ψ∗

II∆ψII − hc

]
(7.10)

one can break this expression in two parts j1 and j2 of Eq.(7.10). Total current will be

zero at x1 = 0. j1 is written as

j1 =
1

k

[
(eikx +Re−ikx)∗

d

dx
(eikx +Re−ikx)

]
x=0−

− 1

(is)

[
(aei(is)x + be−i(is)x−iα)∗

d

dx
(aei(is)x + be−i(is)x−iα)

]
x1=0+

+
1

(is)

[
(aei(is)x+iα + be−i(is)x)∗

d

dx
(aei(is)x+iα + be−i(is)x)

]
x3=l

−
3

The factor e0ℏ
2m0i

can be added to expression later. For region II

−|a|2 + a∗be−iα − b∗aeiα + |b|2 (7.11)

hc or j2 can be written only for region II in figure 7.2 as

−|a|2 + ab∗eiα − ba∗e−iα + |b|2 (7.12)

After subtracting the Eq.(7.11) from Eq.(7.12), the current expression for evanescent

states will be with the factor e0ℏ
2m0i

and, we get

J =
e0ℏ
m0i

[
ba∗e−iα − b∗aeiα

]
(7.13)

or J(k,Φ) =
e0ℏ
m0i

[
dc∗e−iΦ

′ − cd∗eiΦ
′
]

(7.14)

Therefore differential current density in an interval dE will be

dJ(k,Φ) =
e0ℏ
m0i

[
dc∗e−iΦ

′ − cd∗eiΦ
′
]
dn

dE
dE

dJ(k,Φ) =
e0
ℏi

[
dc∗e−iΦ

′ − cd∗eiΦ
′
]
dE (7.15)

Where, Φ′ = 2πΦ
Φo

. Eq.(7.15) is far more complicated to be interpreted physically. Simple

decoupling in terms of clockwise moving electron probability and anticlockwise moving
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electron probability is not possible. Time reversed amplitudes c∗ and d∗ appear in the

expression. Tunneling under the barrier has long been studied as an avenue for superlu-

minality but conclusive results do not exist as discussed at the beginning of this section.

Current expression with current conservation conclusively show that time reversed states

have a role to play in the propagation. The factor dn
dE

can be removed completely in case

one uses the normalisation constant given by Eq.(3.31) and normalisation constant is a

freedom. We have so far used normalisation constant of 1√
k
and an additional factor which

is a square of (2πm0

h2
)
1
2 can be multiplied. Instead if we solved the scattering problem with

a normalisation constant of unit incident flux then dn
dE

= 1
hv0

.

This current is therefore flowing in the ring and magnetising the ring. This magneti-

sation can be measured by the detector on top and hence can be also experimentally

verified. Without resorting to a practical experiment, this current expression for evanes-

cent modes can be subjected to several tests. Firstly, it satisfies current continuity at the

junction of regions I and II or II and III (see figure 7.2). Secondly, an experimentalist

can non-invasively measure and verify the numerical values of the current. As a third

verification consider theoretically reducing the regions I and III to zero lengths, in which

case the current and magnetisation will be entirely due to evanescent modes. Regions

I and III being reduced to zero any magnetisation observed has to be purely due to

current carried by evanescent modes. Such a magnetisation of an entire ring carrying

current due to tunneling will prove propagation under the barrier. Without waiting for

an experimentalist to measure and verify this there can be an independent theoretical

verification which works only in the mesoscopic regime as has been elaborated. An ob-

server in the lead can remotely calculate this current without even knowing if the regions

I and III are reduced to zero length or they have a finite length. For that we have a

novel expression for current derived in [74, 75] and stated below.

dJ(E,Φ) =
c

π

∂θR
∂Φ

dE =
2e0
h

∂θR
∂Φ′ dE (7.16)

Where dJ(E,Φ) known to be differential current density within an energy interval dE

keeping fixed value of Φ. Φ′ is given by 2πΦ
Φo

. The quantity θR is the reflection (or

scattering) phase shift, given by arctan[ Im(R)
Re(R)

], from the asymptotic wave function in lead

far away from the 1D quantum ring. Measurable current is given by

I =

∫ kf

0

dJ(k,Φ) (7.17)

and kf is called as Fermi wave vector. Since our concern is what happens to tunneling

electrons that seem to come out of the barrier before entering it, it makes sense to ask

if there is density of states (DOS) under the barrier as well. Again standard approach

is that this can be determined from internal wave functions as well as asymptotic wave
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function. However, the internal wave function in tunneling regime is not consistent with

the axioms of quantum mechanics because they cannot form a wave packet, they are

not elements of Hilbert space, they are at most analytic continuation of wave functions

above the barrier. On the other hand, the asymptotic wave function does not care if

there is a state inside the ring or not and so if it gives the same value as that determined

from analytic continuation of wave function inside the ring, it can only mean two things.

First, tunneling electrons do propagate under the barrier and second, the asymptotic

formalism settles a theoretical problem in the sense that analytical continuation implies

physical continuation. So this is a theoretical experiment in the sense that what cannot

be concluded from axioms of quantum mechanics can be concluded from the idea of a

physical clock like Larmor clock. Of course, currents are a better candidate as they

can also be measured in a practical experiment and they do support this point of view

as will be plotted and shown below. Never the less, it does not harm to get further

confirmation from density of states (DOS) because after all DOS is a far more valuable

quantity than just the currents. It is linked to all thermodynamic properties and not

just currents. Besides, current conservation ensures certain features that can be settled

purely at a level of counting with numbers without caring for a theory. DOS cannot be

directly measured like one can measure current from magnetisation, but is a much more

complex concept connected to normalisation, renormalisation, regularisation etc, and if

there is a scope to check purely theoretical consistency with the Larmor clock, that can

be exploited by checking the following Eq.(7.20). For different systems in the propagating

regime, we have already discussed that in Chapters 5 and 6. But now we have the DOS

also leading to a current in the tunneling regime and current can be practically measured

and so in our opinion worth studying in future very specifically. Usual wisdom is that

currents are carried by quantum states and will qualitatively and quantitatively reflect

the DOS. That is we expect using Eq.(7.8)

DOS =

∫ l2

0

(ce−κx3 + deκx3)(c∗e−κx3 + d∗eκx3)dx

l2 is the length of region II.

DOS =

[
|c|2

2κ
[1− e−2κl2 ] + c d∗ l2 + d c∗ l2 +

|d|2

2κ
[e2κl2 − 1]

]
(7.18)

Eq.(7.18) is the expression of DOS for evanescent modes in absence of magnetic field. It

can be written, in Eq.(7.19), in presence of magnetic field as well

DOS =

[
|c|2

2κ
[1− e−2κl2 ] + c d∗ l2 e

iβ + d c∗ l2 e
−iβ +

|d|2

2κ
[e2κl2 − 1]

]
(7.19)
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DOS in terms of q, substitute κ = −iq in Eq.(7.19), one gets

dθR
e0dU

= π ρud =
m0

2ℏ2κ

[
|c|2

2κ
(1− e−2κl2) +

|d|2

2κ
(e2κl2 − 1) + (c d∗ l2 e

iΦ′
+ d c∗ l2 e

−iΦ′
)

]
(7.20)

Here, ρud is the DOS in region II under the barrier and hence the superscript u. The

LHS giving the expression that can be obtained from asymptotic wave function, while the

RHS is that obtained by integrating the local density of states (LDOS) from the analytic

continuation of internal wave function. Let us first discuss the LHS of Eq.(7.20). Only

for a constant potential of finite length, the integration in Eq.(4.24) can give a simple

form as the LHS of Eq.(7.20). That the LHS of Eq.(7.20) will give πρud was generally

established using Burgers circuit (BC). Now to check if there can be a state under the

barrier, a constant potential is good enough. It is to be noted that the LHS, that is
dθR
e0 dU

expression for DOS do not explicitly use the tunneling wave functions because its

derivation is independent of whether the states are tunneling or propagating in region II.

When we match boundary conditions as in Eqs.(3.40) and (3.41) to calculate scattering

phase shifts we can just say that we are working with wavelets (Fourier components)

of a wave packet with a certain interpretation of probability and currents in quantum

mechanics. For constant potentials, we do need the Schrödinger equation in order to

establish a relation between incident energy E, asymptotic wave vector k and internal

wave vector q. But now for the tunneling states it is unfair to say κ is the internal wave

vector. So we would rather say that the LHS is a general formula for ρud that applies

for any potential, derived from Burgers circuit using an infinitesimal change dU , without

any knowledge of U . We can also say that θR has been calculated by assuming some kind

of relation between k and κ that does not destroy the analyticity of θR. Besides, phase

changes, or change in θR, is not determined by the exact relation between k and κ, but

is rather determined by the phase singularities and the topology of the complex plane.

The RHS of Eq.(7.20) uses the solutions of Schrödinger equation explicitly, but an-

alytically continued. The RHS expression consisting of 3 terms, in first brackets, are

completely different for evanescent modes than that for propagating modes and has to

be found by integrating the absolute value of analytically continued wave function in

region II with appropriate normalisation constant. So the RHS of Eq.(7.20) is positive

definite. Interestingly, the RHS of Eq.(7.20) giving DOS under the barrier has some neg-

ative terms signifying there are partial states under the barrier for which counting in real

numbers (measure) can yield a negative answer. Noting that ρud is positive definite, and

also s =
[
2m0

ℏ2 (U − E)
] 1

2 is positive, [e2sl2−1] ≥ 0 and [1−e−2sl2 ] ≤ 0 the remaining terms

on RHS of Eq.(7.20) is also positive. Although the negative terms do not dominate over

the positive terms, they do signify presence of processes back in time. However, there

is no evidence that such processes can carry signal or information because for that we
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Figure 7.3: Plot of probability current density in region II as a function of wave vector kL as obtained
from Eq.(7.15) for three different systems corresponding to different lengths of regions I, II and III for
the system shown in figure 7.2. Current conservation implies that the current in region I and II will be
the same. Current in region II has to be also obtained from Eq.(7.16) and it confirms this. The vertical
dotted line at kL=7 give the crossover point for the parameters used in this figure wherein modes in
region II change from evanescent to propagating. We have taken ℏ = 1 and 2m0 = 1.

need propagating wave packets. We have shown in chapter 6 in [9] that propagating wave

packets can carry signal to the past using Fano resonances. Of course if we connect more

leads to the ring being discussed now, then there may occur possibilities of transmission

zeroes and Fano resonances and then these negative terms can manifest in some way.

Below we will numerically check the equality in Eq.(7.20).

One may further say that there are states under the barrier given by Eq.(7.20) con-

sisting of three terms in first brackets. But all three terms are not responsible for carrying

current. Only the last term carries current as Eq.(7.15) confirms. An expression like e2sl2

on RHS can grow indefinitely as l2 is increased and to balance that the current carrying

part of DOS that is (cd∗l2e
iΦ + dc∗l2e

−iΦ) become fewer and fewer. Current propagates

only through these partial states. So if these partial states become fewer and fewer, then

the electron takes lesser and lesser time to traverse the barrier. Only the electrons in

these partial states show up in the Hartman effect but as these states do not constitute

a propagating wave packet they cannot transmit a signal.

7.3 Results and discussions

We further proceed to demonstrate that Eq.(7.16) give the same current as Eq.(7.7) and

that the equality claimed in Eq.(7.20) is true. As we have discussed in Chapter 3 that

one can setup the boundary conditions that lead to a set of simultaneous equations, that

can be solved to obtain R, a, b, c, d, f, and g of Eqs.(7.2) to (7.5). One lead is associated
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Figure 7.4: Plot of measurable current in region II as a function of Fermi wave vector kfL as obtained
from Eq.(7.17) for the same three different systems considered in figure 7.3. Again, upto kL = 7, we
have evanescent modes. We have taken ℏ = 1 and 2m0 = 1.

with ideal 1D quantum ring in figure 7.2. We have derived the current expression and

now we will plot current vs k for different set of values for l1, l2 and l3 with fixed value

of potential U = 49. For satisfying dimensions, we have written e0UL = 49. The total

sum (L) of l1, l2 and l3 is 1. By varying these lengths one can see current due to fully or

partially evanescent states. With increasing the value of incident energy from zero (or 0)

upto kL = 7, we get evanescent current and after that you have propagation current.

The dotted line in graph shows this. At kL = 7, there is no discontinuity that means

curve is smooth. One can say, derived evanescent current expression is consistent with

propagation current. In the figure 7.3, dot-dashed curve is plotted when l1 = l3 = 0.25L

and l2 = 0.50L. Dashed curve is plotted when l1 = l3 = 0.15L and l2 = 0.70L. And third

curve is plotted when l1 = l3 = 0 and l2 = 1. Upto kL = 7, we have evanescent states

since potential is e0UL = 49. After kL = 7 we have propagation modes. These data are

mentioned in figure one can verify. We have enlarged the evanescent states in the inset

of figure.

This measurable current plot in figure 7.4 has something interesting about propagation

and evanescent current. The length of region I and III is shrinked to zero keeping total

length unchanged. For energy E < e0 U current in the ring shows a smooth shift from

paramagnetic to diamagnetic. The length of region is taken l2 = 0.5L, then current in the

ring changes from diamagnetic to paramagnetic at kL = 6.68 shown in the figure with

dash-dotted curve. Now length of region II, l2, is increased upto 0.7 then same transition

happens at kL = 7.47 shown with dashed curve in figure. Now length of region II is

increased upto 1, in this case crossover takes place at kL = 7.67 in the figure shown with

solid line. In evanescent current there is only diamagnetic states no paramagnetic states.
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Figure 7.5: Plot of density of states (DOS) vs kL in region II only for the same set of parameter values
used in figures 7.3 and 7.4. We have take ℏ = 1 and 2m0 = 1. One can verify each curve of DOS with
the evanescent current curve in figure 7.3.

The property of transition from diamagnetic to paramagnetic current with oscillation

is only for energy E > e0 U . For this regime of energy, we get propagation mode or

current. Propagation current has the even odd parity effect but diamagnetic current has

no parity effect. Parity effect implies that propagation current is carried by opposite

states while evanescent current is carried by single type of state. Evanescent current has

no nodes and no transition from diamagnetic to paramagnetic oscillations. Now one may

interested in diamagnetic shift due to tunneling region with different scales. So there is

no such effective diamagnetic shift after first peak of propagation current till kfL = 8.35.

But one can get higher value of energies for evanescent states in the ring which will

also show a diamagnetic shift. Such higher energies evanescent modes are only possible

with sub-bands due to lateral confinement as higher sub-bands have higher thresholds.

This measured current shows comparable magnitude of current with propagation mode.

For evanescent current magnitude is ≈ 1 while for propagation mode ≈ 2. It happens

because in the presence of partial or full tunneling current is small in magnitude but

always diamagnetic resulting in a large area under the curves. Propagating current states

alters from paramagnetic to diamagnetic and has a lot of cancellation effect. Generally,

response of evanescent states to external fields is stable against phase fluctuations while

make them to find a device application.

For a clear picture we have also derived density of states (DOS) using analytical

continuation in internal wave function and plotted DOS in figure 7.5 for evanescent states.

RHS and LHS of Eq.(7.20) identical to each other for all the mentioned data in figure

similar as current and observable plot. Again what plot we get with quantum mechanics

approach for DOS, exactly same curve is also given by Larmor clock’s approach. One can
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look at the DOS curves for all data which show that when current is higher in magnitude

under the barrier then DOS is also higher.

In summary, asymptotic theory works for current as well as DOS and has been also

used to show that propagation under the barrier is a reality. Propagation under the

barrier is not a well defined problem in quantum mechanics and so the asymptotic theory

that goes beyond quantum mechanics, uses the idea of physical clocks and analyticity

of scattering matrix elements help confirm this. This is referred to as a theoretical

experiment but one can also make clean practical experiments to confirm this further. It

also provides evidence that time reversed states have a role to play in propagation under

the barrier. So there is a lot of merit in trying to address the question of propagation

time and superluminality of tunneling particles. In Chapter 5, a signal can be sent back

in time is discussed for propagation mode which requires construction of a wave packet.

The problem of tunneling time although found to be more complicated, the asymptotic

theory can be used to understand currents and thermodynamic properties.



CHAPTER 8

CONCLUSION

Recently, a novel development in mesoscopic physics is the possibility of realizing time

travel with present day state of the art technology. It was theoretically shown that a time

dependent quantum wave packet can be sent to the past. A proper experiment showing

time travel is incomplete unless someone in the past has the technology to receive the

signal. However, the principle of the possibility of time travel opens up many avenues of

research and technology. In this thesis, we have considered some standard experimental

setups that are regularly used in the laboratory and show that such setups can be used

to indirectly test time travel or in other words consequences that follow from time travel.

We also discuss theoretical experiments in the sense that we can get quantum mechanical

results without using quantum mechanics. Although, these experimental setups are very

successful in the laboratory, they do not address the issue of measurements which in this

case turns out to be a quantum measurement. So in a third setup we show that the issue

of quantum measurements can be bypassed to see indirect signatures of time travel.

The first two setups is a standard three probe setup wherein a steady state current

flow from a cathode terminal to anode terminal. The third probe is used in two different

ways. In the first case the third probe is earthed to intend carry away some of the current

to the grounded neutral terminal. In the second case, the third terminal is used a voltage

probe that does not carry away any current but still can reduce the coherent current

from cathode to anode. So the third probe intends to create loss of coherent current,

in the first case loss of actual current and in the second case loss of coherence. One of

the primary signatures of evolution in forward time is loss or aging. If we fix parameters

at which one can expect time travel then loss actually show up as a gain and coherent

current increases.

In the third setup, we consider persistent currents in an open Aharonov-Bohm (AB)

ring and argue that the setup can be used to create tunneling currents under the barrier.

117
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Such tunneling currents have some intrinsic theoretical problems. We not only clarify

these problems but also show that the theory of tunneling currents do signify processes

back in time. Such tunneling persistent currents can be measured classically, thus by-

passing the quantum measurement problem.

We covered sample fabrication technique for two-dimensional electron gas (2DEG) in

Chapter 2. A detailed description on important fundamental key concepts like Aharonov-

Bohm effect, Landauer’s formula, importance of leads in mesoscopic systems, electronic

wave functions, Feynman path approach, etc. is discussed for open mesoscopic systems

in Chapter 3. With the axiomatic approach, we derived current expression for semi-

infinite leads at zero and non-zero temperatures which is in accordance with Landauer’s

formalism. We further proceeded to provide an explicit description of local objects of

the hierarchy which is derived by Larmor clock theory with the help of spin precession

and Larmor frequency in Chapter 4. We showed that these local objects of hierarchy

are observable quantities in quantum systems. We also found that lead indicies exhibit

significant role in objects of hierarchy. In realsitic mesoscopic systems, Fano resonances

are found frequently that is discussed in Chapter 5. In presence of Fano resonance,

availability of local objects in quantum systems is explained with rigorous mathematical

concepts in functional analysis such as Burgers circuit, loops and sub-loops in Argand

diagram (AD), phase slip of scattering phase shift, etc. to re-interpret our results.

Hopefully, this thesis will give a major contribution for deeper understanding of this

new area of mesoscopic world. Local entities can be determined in quantum systems

without using axioms of quantum mechanics. As scattering phase shift of an electron

can be measured in laboratory, all local objects of the hiearchy can be verified using

experimental setups mentioned in this thesis. These local entities can also be negative

which may further employ many applications as technological and theoretical perspectives

of fundamental physics.



APPENDIX A

SCATTERING PROBLEM FOR Q-1D

SYSTEM

Applying boundary conditions

In Section 5.2, I was discussing an analytical calculation of scattering for realistic sys-

tem shown in figure 5.2. In this appendix, I will show some intermediate steps of this

calculation. Due to symmetry of the system, in figure 5.2, applying boundary condition

at one junction x = a will give the result at another junction x = −a as well. We apply

boundary conditions in figure 5.2 at x = a in Eq.(5.32). After substituting from Eq.(5.27)

and Eq.(5.31) into Eq.(5.32), we get

∞∑
m=1

√
1

km

(
δmm′(−ikm)e−ikma − semm′(ikm)e

ikma

)
χm(y) =

∞∑
n=1

cn
dζen(a, y)

dx
(A.1)

One has to first do the derivative and then substitute x = a. Using χm(y) from Eq.(5.15)

we get

−i
∞∑
m=1

√
2km
b

(
δmm′e−ikma + semm′eikma

)
sin

mπ

b
(y +

b

2
) =

∞∑
n=1

cn
dζen(a, y)

dx
(A.2)

Multiplying by (
√

2
b
) sin m′′π

b
(y + b

2
) from the left on both sides, integrating and using

∫ b
2

− b
2

sin
m′′π

b
(y +

b

2
) sin

mπ

b
(y +

b

2
)dy =

b

2
δm′′m (A.3)
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we get

−i
∞∑
m=1

√
km

(
δmm′e−ikma + semm′eikma

)
δm′′m =

∞∑
n=1

cn

√
2

b

∫ b
2

− b
2

sin
m′′π

b
(y +

b

2
)
dζen(a, y)

dx
dy

(A.4)

or − i
√
km′′

(
δm′′m′e−ikm′′a + sem′′m′eikm′′a

)
=

∞∑
n=1

cn

√
2

b

∫ b
2

− b
2

sin
m′′π

b
(y +

b

2
)
dζen(a, y)

dx
dy

(A.5)

Let

√
2

b

∫ b
2

− b
2

sin
m′′π

b
(y +

b

2
)
dζen(a, y)

dx
dy = F e

m′′n

√
km′′kn (A.6)

Therefore,

−i
√
km′′

(
δm′′m′e−ikm′′a + sem′′m′eikm′′a

)
=

∞∑
n=1

cnF
e
m′′n

√
km′′kn (A.7)

Now we interchange the indices of the delta function only and change the dummy index

on RHS as n→ m as there is no m on LHS.

−i
√
km′′

(
δm′m′′e−ikm′′a + sem′′m′eikm′′a

)
=

∞∑
m=1

cmF
e
m′′m

√
km′′km (A.8)

Now we apply another boundary condition to match wave functions at x = a, we have

Eq.(5.35)

ψem′(x, y)|x=a = ηem′(x, y)|x=a

Substituting from Eqs.(5.27), (5.31), (5.15) into Eq.(5.35)

∞∑
m=1

√
2

bkm

(
δmm′e−ikma − semm′eikma

)
sin

mπ

b
(y +

b

2
) =

∞∑
n=1

cnζ
e
n(a, y) (A.9)

We multiply (
√

2
b
) sin m′′π

b
(y + b

2
) on both sides from the left and substitute

ζen(a, y) =

√
2

b
sin

nπ

b
(y +

b

2
) (A.10)

because the internal and lead wave functions has to match on the dotted line at x = a in
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the figure 5.2. After this substitution we integrate both sides and use Eq.(A.3) to get

∞∑
m=1

2

b
√
km

(
δmm′e−ikma − semm′eikma

)
b

2
δm′′m =

∞∑
n=1

cn(
2

b
)(
b

2
)δm′′n (A.11)

or
∞∑
m=1

1√
km

e−ikmaδm′′mδmm′ −
∞∑
m=1

1√
km

δm′′ms
e
mm′eikma =

∞∑
n=1

cnδm′′n (A.12)

or
1√
km′′

e−ikm′′aδm′′m′ −
∞∑
m=1

1√
km

δm′′ms
e
mm′eikma =

∞∑
n=1

cnδm′′n (A.13)

or
1√
km′′

(
δm′′m′e−ikm′′a − sem′′m′eikm′′a

)
= cm′′ (A.14)

Interchanging m′′ and m′ in the delta function only, in Eq.(A.14)

1√
km′′

(
δm′m′′e−ikm′′a − sem′′m′eikm′′a

)
= cm′′ (A.15)

From Eq.(A.15) with m
′′ → m

1√
km

(
δm′me

−ikma − semm′eikma
)

= cm (A.16)

Substituting this cm in Eq.(5.34) or (A.8)

−i
√
km′′

(
δm′m′′e−ikm′′a + sem′′m′eikm′′a

)
=

∞∑
m=1

1√
km

(
δm′me

−ikma − semm′eikma
)
F e
m′′m

√
km′′km (A.17)

or
∞∑
m=1

(F e
m′′m − iδm′′m)e

ikmasemm′ = F e
m′′m′e−ikm′a + iδm′m′′e−ikm′′a (A.18)

Note that the last term on the RHS is a diagonal term (with respect to symmetry) because

of the Kronecker delta, there being no sum. So in this last term alone we can interchange

m′′ and m′ and it still remains a diagonal term.

∞∑
m=1

(F e
m′′m − iδm′′m)e

ikmasemm′ = F e
m′′m′e−ikm′a + iδm′′m′e−ikm′a (A.19)

or, we get Eq.(5.36) from Eq.(A.19)

∞∑
m=1

(
F e
m′′m − iδm′′m

)
eikmasemm′ =

(
F e
m′′m′ + iδm′′m′

)
e−ikm′a (A.20)
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This is the equation that we have to solve to find semm′ . Similarly we will get an equation

for somm′ . Multiplying identical terms on both sides of Eq.(5.36), we get

∑
n=1

[
(F e − iI)−1

]
nm′′

∞∑
m=1

(F e
m′′m − iδm′′m)e

ikmasemm′

=
∑
n=1

[
(F e − iI)−1

]
nm′′

(F e
m′′m′ + iδm′′m′)e−ikm′a (A.21)

or
∑
nm

[
(F e − iI)−1

]
nm′′

(F e
m′′m − iδm′′m)e

ikmasemm′

=
∑
n

[
(F e − iI)−1

]
nm′′

[
F e + iI

]
m′′m′

e−ikm′a (A.22)

or
∑
nm

[
(F e − iI)−1

]
nm′′

[
F e − iI

]
m′′m

eikmasemm′

=
∑
n

[
(F e − iI)−1

]
nm′′

[
F e + iI

]
m′′m′

e−ikm′a (A.23)

Introducing a sum on both sides

or
∑
nm

∑
m′′

[
(F e − iI)−1

]
nm′′

[
F e − iI

]
m′′m

eikmasemm′

=
∑
n

∑
m′′

[
(F e − iI)−1

]
nm′′

[
F e + iI

]
m′′m′

e−ikm′a (A.24)

In quantum mechanics, a series can be seen as a limit of a finite sum and so we can talk of

Eq.(5.36) as a matrix equation. In this particular case the series has a natural truncation

because very high km values correspond to very high energy states that are not possible

in condensed matter systems. The work function of a material provides a natural cut

off. Since on LHS, after the sum over m′′, we are multiplying matrix elements from two

matrices that are inverse to each other, two matrix elements must multiply to give a 0 or

a 1. ∑
nm

δnme
ikmasemm′ =

∑
n

∑
m′′

[
(F e − iI)−1

]
nm′′

[
F e + iI

]
m′′m′

e−ikm′a (A.25)

or
∑
n

eiknasenm′ =
∑
n

∑
m′′

[
(F e − iI)−1

]
nm′′

[
F e + iI

]
m′′m′

e−ikm′a (A.26)
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or
∑
n

eiknasenm′ =
∑
n

[
(F e − iI)−1(F e + iI)

]
nm′

e−ikm′a (A.27)

Since this is true for any arbitrary kna, we can remove the sum from both sides. We get

Eq.(5.41)

eiknasenm′ =

[
(F e − iI)−1(F e + iI)

]
nm′

e−ikm′a (A.28)

or senm′ = e−ikna
[
(F e − iI)−1(F e + iI)

]
nm′

e−ikm′a

Binomial expansion

Now binomial expansion like procedure can be followed because the identity matrix com-

mutes with any matrix.

(F e − iI)−1(F e + iI) =
1

(F e − iI)
(F e + iI) =

1

i(−iF e − I)
i(−iF e + I)

=
1

(−iF e − I)
(−iF e + I) =

−1

(I + iF e)
(I − iF e) (A.29)

= −[1− iF e + (iF e)2 − (iF e)3 + ............](1− iF e)

= [−1 + iF e − (iF e)2 + (iF e)3........

+ iF e − (iF e)2 + (iF e)3 − (iF e)4 + ....]

=

[
− 1 + 2(iF e)− 2(iF e)2 + 2(iF e)3 − 2(iF e)4 + ....

]
=

[
1− 2

(
1− (iF e) + (iF e)2 − (iF e)3 + (iF e)4 + ....

)]
=

[
1− 2(1 + iF e)−1

]
= 1− 2

(1 + iF e)
= 1− 2

i

1

(−i+ F e)

= 1− 2

i
(F e − iI)−1 = 1 + 2i(F e − iI)−1 (A.30)

Thus from Eqs.(A.29) and (A.30)

(F e − iI)−1(F e + iI) = 1 + 2i(F e − iI)−1 (A.31)

Therefore from Eq.(5.39), where we drop the superscript e for convenience, which we will

bring back after some simplification.

snm′ = e−ikna
[
1 + 2i(F − iI)−1

]
nm′

e−ikm′a (A.32)
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A value

After Eq.(5.46), we continue our calculation. From Eq.(5.45)[
Foo − i1 Foc

Fco Fcc − i1

][
A B

C D

]
=

[
1 0

0 1

]
(A.33)

From Eq.(A.33)

(Foo − i1)A+ FocC = 1 (A.34)

(Foo − i1)B + FocD = 0 (A.35)

FcoA+ (Fcc − i1)C = 0 (A.36)

FcoB + (Fcc − i1)D = 1 (A.37)

Therefore from Eq.(A.36)

C = −[Fcc − iI]−1FcoA (A.38)

Putting the value of C from Eq.(A.38) into Eq.(A.34)[
Foo − iI

]
A− Foc

[
Fcc − iI

]−1

FcoA = 1 (A.39)

or

([
Foo − iI

]
− Foc

[
Fcc − iI

]−1

Fco

)
A = 1 (A.40)

We get Eq.(5.47)

A =

(
Foo − iI − Foc(Fcc − iI)−1Fco

)−1
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[47] Büttiker, M. (1990). Scattering theory of thermal and excess noise in open conduc-

tors, Phys. Rev. Lett. 65, pp. 2901–2904.
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